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ON THE DEGREE OF APPROXIMATION OF A FUNCTION
BY THE PARTIAL SUMS OF ITS FOURIER SERIES*1)

BY

ELAINE COHEN

Abstract. When / is a lit periodic function with rth order fractional

derivative, r > 0, of /»-bounded variation, Golubov has obtained estimates

of the degree of approximation of/, in the L* norm, q > p, by the partial

sums of its Fourier series. Here we consider the analogous problem for

functions whose fractional derivatives are of ^-bounded variation and

obtain estimates of the degree of approximation.in an Orlicz space norm. In

a similar manner we shall extend various results that he obtained on degree

of approximation in the sup norm.

§1
Let/be a real function of period 2tt. If the rth fractional derivative, r > 0,

is of bounded/?-variation, Golubov [3] has obtained estimates of the degree of

approximation of/, in the sup and Lq norms, q > /?, by the partial sums of

the Fourier series off

We consider the analogous problem for functions whose fractional deriva-

tives are of ^-bounded variation. In 2.1 we extend Salem's theorem of

uniform convergence of Fourier series. In 2.2 we obtain estimates on the

degree of approximation in an Orlicz space norm.

In this chapter we shall review the background material which we shall

require. In § 1 we concern ourselves with Orlicz spaces, §2 will present basic

information on cp-bounded variation, and §3 contains the relevant informa-

tion on the fractional integral and derivative.

1. Orlicz spaces. In this section we shall summarize some results on Orlicz

spaces which we shall require. Unless otherwise noted, a complete presenta-

tion of this topic can be found in the texts of Krasnosel'skn and Rutickiï [4]

and Zygmund [14].

Let cp be a nondecreasing right continuous function, <p: R + -* R +, <p(0) =
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0, ]imx_ai<p(x) = co. Define

<p~l(y)=  SUP   x.

<t'x)<y

Then <p-1 is right continuous, nondecreasing, m-1: R + -*R+, <p-I(0) = 0,

lim^«, <p~x(y) = oo. If q> is strictly increasing then the usual definition of

œ_1 and the above definition coincide.

Let

$(x) = (M<p(t) dt   and   $*(*) = f'"V'O *•
•'0 •'o

$ and $* are both convex, strictly increasing functions such that

lim <b(x)/x - lim $*(y)/y - 0,    lim <&(x)/x = lim $*(y)/y = oo,
jc-»0 ,y-»0 Jc-»oo y-*co

and (Young's inequality): for a, b real numbers,

ab < $(a) + $*(6),

equality occurring only when 6 = <p(|a|)sgn a.

It is known that if Af is any convex strictly increasing function such that

lim M(u)/u = 0,     lim M(u)/u = oo,
u—*0 u—»co

then there exists a right continuous nondecreasing m(x); m: R + -> /? +,

m(0) — 0, linv^^, m(x) = co and

M(x)= (Mm(t)dt.

All functions which admit this representation are called Young's functions or

N-functions.

Henceforth, we consider integrable functions / of period 27r; integration

will be with respect to Lebesgue measure and will extend over a full period

unless otherwise noted. Define

A»-{/:/*(/)< oo}

and

L*, = {/: kf E Lq for some real number k ¥= 0).

Lq is called an Orlicz class. With norm

11/11*- s«p{//g: f**(8) <l)

L% is a Banach space, and is called an Orlicz space.

Luxemburg introduced an alternative norm on L$:
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We have the relation || • ||¿ < || • ||4 < 2|| • ||$, making them equivalent

norms, but, for/ =£ 0 a.e., ||/||*/ll/ll* = C,C not dependent on/, if and only

ifcp(M) = ^|«|',/?> 1.

It is known that for all/ E L%, g E L*,.,

/*(/) < WAV*       if ma onIy »f ||J||« < 1.

||/]|* </«•(/)   otherwise,

and

/*
<^

04*11 si*«
MliNI*»

[ \\A\4 g\\*-

We introduce the ^-moduli of continuity off:

and

«,(«;/) - sup  ||/(* + A)-/(*)||«
|A|<«

«,(«;/)- sup||/(x + A)-/(x)
l*l<«

Then co^O; /) = co4(0; /) = 0; (>)<,, and c<4 are nondecreasing. These functions

are continuous if/can be approximated in norm by trigonometric polynomi-

als. The definitions given above are analogous to those of w(/?), /?-modulus of

continuity of / E Lp and of w, the modulus of continuity of / E C.

We say that an JV-function <P satisfies the A2-condition ("is A2") if there

exists k > 0 such that for u > 0, <D(2h) < k$(u).

We say that $ satisfies the A2-condition for large (small) values if there

exists k, u0 > 0 such that for u > u0 (u < u0), <p(2m) < k$(u).

The following conditions are equivalent:

1. 4> is A2 (for large values, for small values).

2. For each c > 1, there exists k(c) such that $(ch) < k(c)$(u) for all

u > 0 (u > some uQ, u < some u0).

3. There exists a > 1 such that, if cp is the right continuous right derivative

of $,

|h|ç(|«|)/*(«) < «

for all u ¥= 0 (for |w| > some u0, for 0 < |w| < some w0).

From condition 3 we have that if O is A2 for large values, \u\ > u0, then

*(«) < *(«o)M7«o";
if <P is A2 for small values, |u| < u0, then
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*(«) > *(«0)|«|7«oa;

and if $ is A2, both these inequalities hold.

We have, further, that L*, = Lq if and only if <S> is A2 for large values, and

L*, is separable if and only if $ is A2 for large values. When L% is separable,

the polynomials are dense in L%. Thus, we see that we can guarantee

continuity of w^ if $ is A2 for large values; otherwise, continuity depends on

the function/ G L%.

If we have a sequence {/„}"„, G L% then norm convergence to, say, /0

implies mean convergence to/0 G L%. The converse is true if and only if $ is

A2 for large values.

We define a partial ordering on the set of AZ-functions by $, < 3>2 if there

exists u0, a > 0 such that for u > uQ,

$2(m) < u$i(h).

*i ~ *2 (reac* "is equivalent to") if $, < $2 < $,. It is known that <J>, < $2

implies that Lq Ç L9, and, hence, that equivalent A-functions generate the

same Orlicz class. Clearly, then, if O, ~ $2 and $, is A2 for large values, then

$2 is also. It is known that in each equivalence class of functions which are A2

for large values there is at least one function which is A2.

From the remarks following condition 3 we have that "$> is A2 for large

values" implies that

La={/:/|7la<oo}çL<t=L$.

Ryan [10] has shown that reflexivity of LJ is equivalent to both $ and $*

satisfying the A2-condition for large values.

Orlicz first introduced (L%, || • ||4) with the restriction that Í» be A2 for large

values; Zygmund removed that restriction.

We say that $ satisfies the A'-condition if there exists c > 0 such that for x,

y>0,

$(xy) < c$(x)$(y).

We say that 4> satisfies the A'-condition for large (small) values if there exists

c > 0 and u0 > 0 such that for |x|, \y\ > u0 (\x\, \y\ < u¿)

$(xy) < c$(x)$(y).

All functions which are A' in one of the above senses are also A2 in that

sense, but the converse implication is not true.

If $ is A' (A2) for small values, say |w| < u0, then we can replace u0 by any

w > uQ, but the A' (A2) constant increases unboundedly with w unless 4» is A'

(AJ for all values.
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2. ^-variation.

We shall require only a few basic notions concerning generalized variation.

A more detailed presentation is found in the papers of L. C. Young [13], E. R.

Love [5], and Musielak and Orlicz [6].

We define, for an JV-function $,

K,(/;/)-sup 2 *(/(*,) "/(VIA
Q

where the supremum is taken over all partitions Q of the interval /. We say

that/E%(/)if V9(f;I)< oo.

Define

Vi°\f;I)= sup   2 *(/(*,)-/(*,-i)).
lßl<«

where | Q | denotes the mesh of the partition Q, and let

V% (/;/)- Urn V?\f;I).
o—»0

It is easily shown that/ E %(/) if and only if VKf, I) < oo.

We define / E 'Vf (I) if there exists k =£ 0 such that (kf) E %(/). The

class 'Vf (I) is linear, but %(/) is linear (and = 'Vf (I)) if and only if <J>
satisfies the A2-condition for small values.

If the interval with which we are concerned is [0, 2it], or any period, we

shall omit all reference to it and write V<¡,(f), 'Vf, etc.

We define two variational seminorms by

\\A\*v= SUP{ 2 (/(*,) - /(*,->))*,: 2 *'&) < 1, all Q },

where the supremum is taken simultaneously over all partitions Q and all

sequences {b¡} such that 2 $*(£,•) < 1, and

\\f)\'itv = inf{k:V*(f/k)<l}.

Their equivalence is shown by the relation

n*v<\\-hv<m*v
Another partial ordering is defined on the set of all ,/V-functions by

$,(») «. 02(m) if there exist a, u0 > 0 such that for \u\ < m0,

$2(u) < a$,(M).

It is known that 0, « <D2 implies %( Ç %j( and thus defines another

equivalence relation on the set of iV-functions.

Functions / of Í» bounded variation can have simple discontinuities only.

We shall assume that they are normalized so that

/(*)-!(/(* + )+/(*-)).
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3. Fractional integral and derivative. In addition to our previous assump-

tions concerning the integrability of /, we shall assume that // = 0.

We may choose the constant of integration so that the mean value of /(I),

the integral of /, is zero. Since /(1) is periodic and of mean value zero, when

integrating it we can choose the constant of integration so that/(2) is periodic

and has mean value zero. In general, having defined /(I),..., f,r_ X), choose

for/w that primitive off,r_X) whose mean value is zero, i.e. if

/(*)-$[/] = 2Vin*= 2  c„e"",
n#0

where S [ • ] represents the Fourier series, then

(*) /«(*) ~2' Va" (m)-'- ¿ jf(t)DM(x - t) dt

where

(*)' 1)W(í)-J'(*»)"«*"•

For 0 < / < 2t7, the function D {r)(t) is a polynomial of degree r. We may

consider (*) to be a definition of /(r), the fractional integral of order r, for all

r > 0, provided we set

(/«)"'= |/i|r exp(- \iitr sgn n),       «^0.

The series (*)' can be written
OO 00

2 cos \ irr 2 n~r cos nt + 2 sin \ irr 2 n~r sin nt.
#i = l n-l

We know that this converges for / ^ 0 to a sum D(r\t) and that it is 5[7)(,)].

Thus, the integral in (*) exists almost everywhere and its value, f,ry(x), is

integrable. It is known that the series in (*) converges almost everywhere and

is 5[/(r)], and/(r) coincides with the ordinary integral for r = 1, 2.Thus

DM(t)= fn-'cos(«/-iîrr),
n-l

and
00

hr)(x) = cos \ mr 2 n~'(an cos nx + b„ sin nx)
n-l

oo

+ sin j -nr 2 n~r(an sin nx — b„ cos nx).
n-l

The fractional integral operator is "additive", i.e. /(a+^) = (/(„))(£)> almost

everywhere.

Let r > 0, and m an integer such that m — 1 < r < m. The derivative of/

of fractional order r is generally defined by
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fM(x) = dmf,m-r)(x)/dxm.

If we suppose 0 < r < 1, andfiX_r)(x) is absolutely continuous, then

5[/w] = 5'[/(1_r)]=2('«)V»,

and, almost everywhere,

f(x)=ÍDM(x- t)fr\t)dt.

In other words,/is the fractional integral of order r of/(,). We shall adopt a

more restrictive definition so that the fractional derivative always has this

property.

We say that g(x) E Lx(-tr, tr) is an rth order fractional derivative of

/E L-'í-tt, it), r>0, if

0)//=/S = 0,
(2)f(x) = !D^(x-t)g(t)dt,a.e.

We denote g by/(r);/(0) will denote the function/. This definition is sufficient

for our purposes and will be used throughout.

If we assume that/has an rth derivative, g, according to this last definition,

then if

gW~2Vx,

we have, almost everywhere,

fix) = gM(x) = 2'y„(//i)-v~- 2 vta.

*(*)~2'0>0V"ot

and/(m_f) = g(m).

If/(A; x) denotes the Steklov function,

I Jh/2 fix + t) dt,
« •'-A/2

I   fh/2
h J-h/2

and 0<m—l<r<m, we have, almost everywhere,

(/(*: *))'" -1 ¿3 fSj"'"'*1-* - Wr + ') "* *

1   ¿m   r*/2 ,      ,    .   . .
I /(„,-,)(*+.v)*^

■'-A/2A dx' j.h/

i rh/2-T Í '   /w(^+>')4'=/w(A;x).
» •'-A/2
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The functions we shall consider are in class L*, and have rth fractional

derivative in class %, r > 0. Thus, the functions and their rth derivatives

have mean value zero. The class ^^ r > 0, will denote the class of functions

/such that/(r) exists,/w G %, and,

fr)(x) = 2(fr)(x + )+f('-)(x-)).

§n

1. Approximation in the C-norm. We devote this section to generalizations

of Salem's theorem on uniform convergence [11].

1.1 Theorem. 7//w G T^, 0 < r < oo, 2 $*(l/k) < oo,/(r) continuous,

then\\f-S„(f)\\c = o(n-r).

Proof. For r = 0 the conclusion is Salem's theorem so we assume r > 0.

Define

/)„')=    2   k~'cos(kt - \*r) = D¡f\t) - S„(DP; t)
k-n + l

and

cpx(t) = f"(x + t) - f'\x).

Then

f(x) - S„(fi x)~lf 7)W(/)(/W(x - t) -/<'>(*)) dt

"\\(S +I )DÏ\t)<px(-t)dt.

It is known [9] that

0) f \D?(t)\dt= 0(n-');

hence,

(2) ±f DX\t)<px(-t)dt=o(n-'),

since /(r) is continuous.

We follow [8] and perform an Abel transformation on the remaining

integral, which yields

If Dï\t)<px(-t)dt

® "w(h+\yL    n    Anr)(')^(-')dt
7T{n + l)    Jv/n<\t\<ir

+ 1  f (r'-(fc + in/;      A]f\t)9x(-t)dt
w k-n+l Jw/n<\t\<ir
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where

4')(0 = sin(^fi/-^)/2sin|

,as 1 • ( 2k + 1 A /-   .     t
(4) = cos x ™ sml —5— 'j/ 2 sin 2

.   •    1 /2A+1    \ /.  .    t
+ sin — ra-cosl —-— tj/ 2 sin — .

We want to show that

(5) / Ak'\t)<px(-t)dt=o(l)

uniformly in x as n -» oo (A > «). Now let

f ^i°(0v,(-0 * - cos \™ Jn\t) + sin \ nr #<»(/).
Jir/n<\t\<ir

Letting Dk denote the kth Dirichlet kernel and observing that k > n,

/«(*)-/ Dk(t)<pk(-t)dt

<6> - sin*,

•/v/n<\t\<ir      «

where c?(l) is uniform in x as « -> oo.

Let

/#(*) =/ ^fc(0 *- 4r°(*) + 0(1).
sinkt

w/n<\t\

where c?(l) is uniform in x as n -> oo, and

/fc-i

CW=   2    I —r-*,(')*•

Letting A/ = m, we obtain, for some 9 E (at, 2ir),

(7) ^  j-lt/.l-i v    *    /«+./»

= „si„*    2    (-r/„,(l±*)    '    .

Without loss of generality, we assume the number of terms in the summa-

tion to be even. If the number of terms is odd, we may omit either the first or

the last term, both of which are o(l) as n -» oo.

Neglecting signs, the sum of two consecutive terms is
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( 9 + hm\       _ (
9 + (2h + l)w \ (9 + 2hm\ l 8 + (2h + Dir \

)   H~ir-)-^(—i—j
9 +2hm 9 + (2h + \)ir 0 + Ihn

9 + (2h + \)ir \(
■<Px(- ){ 9 + 2hm     9 + (2h + \)it f

Now,

(8)      L( 9 + (2h + l)n \(       i

){ 9 + 2hm     9 + {2h + l)ir )\ <  (2h +

{ (2h + 3)m        \
u(—k—''H

l)(2h + 2)*

Choosing an integer M, M = M(n) « V". the sum of tJîe first M of these

terms is

< cu(cM/k + o(l); fr)) = cw(o(l);/<r)) = i?(l)

as n -» oo. The sum of the remaining terms is

c supl/^l
<——n. .  ,   - o(l)   as/i->co.

M+[k/n]

Considering

(9)

(9 + 2hm\ (9 + (2h+ Dit \

M-*~ J"*'l-*-J
9 +2hm

and replacing 9 + 26t7 by (2/i + 2)77 in the denominator, there is an error

(10)

0 + (26+1)t7\||       ! !( 9 + 2fm \ (
6 + 2hm      (26 + 2)t7

9 + (2h + 1)ttI 9 + 2hir\ l 2m-9

(9 + 2hir)(2h + 2)w

9 + (2h+ 1)77 1

77(26 + 2)(2A + 1)

u(ir/k;f") ^/n;fr))

(26 + 2)(2h + 1)       (26 + 2)(26 + 1)t7

Thus, the replacement gives an error in the sum of these terms which is less

thancco(7r//j;/(r)).   .

For simplicity, we suppose [k/n] — 1 is even. It suffices, then, to consider
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-a/2]    /«(*+*±^)-/*(* +
9 + (2Ä + 1)tt

(11) [(*2       -/,, , -x—:-,    it < e<lit.
k-Qk/nl- 0/2 (2A + 2)ir

Let

2A^ + t9\     «J    .   * + (2*+l)w\|
A2 = yw|x + 2A^L£ ) _ ^)/x +

and let e¡ be a positive sequence decreasing to zero as slowly as necessary to

have2?.,$*(l/Ae/t)< oo.

For proper choice of b > 0,

T-2 tt^tc—<2*(K)+2**(7ttiä—) <¿< °°-2tt ~ (A + 1)£A+1     ~   v    *'     ~     V (A + l)eA+, ;

Choose m = m (A, /i) < (A - 2)/2. Then

!   [V<-2)/2]   bAhk
02) ^    2    ÂTT<^+'

and

[(*-2)/2l     aa M   , ¿

¿    S    T7i< «('A: /w) 2 T-n- + -f1(13) 27r     A-'      h+ l *-> *

<^A;/'))logm + -~i.

We choose /n increasing with « so that

4t/";/WW'«-*0.

Thus

(6 + 2hTT\ (9 + (2h + Qtt ^»«(-*-)-M—*—)
2-TT2ÂS-■«■

Similarly we may show that

uniformly in x as n -» oo, and hence, J¡¡k\x) = <?(1) as « -» co uniformly in x.

Now, if we use an argument similar to that in Bari [1, Vol. I, §32]
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zT(k),   ^ C COs(k+{-)t

•'V<!'!<«■    2 sin |r

i
r              cos(*+J)r

= I -¡-<Px(t) dt
Jm/n<\t\<m      2 SÍn 2/2'

cos£r
-/, „ si*£^(o*+0(i)

•/îr/n<|i|<îr       «

uniformly in ;c as « -» oo. Letting

nr(«/ \      f   cos Ä7     ,,,.. j.
n„:l(x) = /    —— <px(t) dt,

Jv/n       '

we may use an argument similar to that used for J$(x) to show H$(x) —

o(l) and H^l(x) — o(l) uniformly in x. Therefore,

|/(x)-S„(/;*)| = l7-^ •<?(!)+ <?(!)   2   (k-'-(k+iyr)
w   \" T i) k-n + l

yielding ||/- S„(f)\\c = o(n~r).

1.2 Theorem. 7//w G «VJ, 0 < r < eo, 2$*(l/fc) < oo, then

\\f-Sn(f)\\c=o(n-')+0(n-'\\f'%v)

where

11*11*° "Ä sup{ 2 (*(*,) "Sta-i))^ |ß|< *, 2 **(*/) < i}.
Proof. For g G T^ we define

t>(«,*) = sup{ 2 (*(*,) - *(*,-i))*,: |fi|< 8, 2**(*i) < 1}

where the ß are partitions of a period. Then

||*||5- lim  t?(5,g)   and   o>(8, g) < cv(Ô, g)
5->0+

where c = 1 if $*(1) < 1, c = 1/$*(1) if $*(1) > l.

Since the proof is similar to that of Theorem 1.1, we shall simply state

where it differs.

Equation (2) becomes

(2)' I £/mD¡»(tyhi-t) dt = 0(v(-n/n,f")n-').

We now want to show

/ AJf\t)<px(-t) dt= 0{v(fi/n;?»)) + o(l)
(5)' Jm/n<\t\<m

= 0{\\f%K) + 0(l).
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Equations (6) and (7) remain the same. For (*) however, we do not use the

mean value theorem, and will assume from here that the sums we work with

will be integrated over (it, 2tt). We say again assume that the number of terms

in the summation is even, since

1/sto„9,(2L+iE)_l^<cI-(,(.)   as^co.

Then equation (8) becomes

(8)' k u + (2h+ \)it ïï_J_!_) <A_i_l
)\u + 2hw      u + (2A + \)tt )\       (2A + 1)(2A + 2)ir  '

0(1)

« + (2A + 1)!T

choosing M as before, the sum of the first M of these terms is

< cv[cM/k + o(l);fr)) = cv(o(l);fr))

as n -* co. The sum of the remaining terms is

csup|/w|

K M + [k/n]

as n -» oo. If we consider

t u + 2hir\ (

(9) _j_:_L_
u + 2hir

and replace u + 2hir in the denominator with (2A + 2)n, there is an error

(10). t>(5r/A;/fr>) f(V«;/f))

< (2A + 1)(2A + 2)tt < (2A + 1)(2A + 2)ir '

Thus, replacement gives an error in the sum of these terms which is less than
«?(*/«;/(r)).

Equations (11) and (12) remain the same, but (13) becomes, with the use of
Holder's inequality

t(*-2)/2] aA [(*-2)/2]       aA
1 y ak 1 y ak

(13).   2^-(I*/»]-i)/2A + 1     2*    *-o    A + l

I(A-2)/2l|iO(«r ,    \llf 1 \\(K-2)U\\\V

where

\{aj)U\ =sup( 2<%*,: 2 *•(*,) <i

A short digression seems to be in order to justify this last step.
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Consider R* and let a = (ax,.. ., ap), 6 = (6„ ..., bp) E Rp, and define

||<=supí¿«A:2^(6í)<l}-

For any a, 6 G R',

2«A<IHI°#H0*.-
1-1

Thus, let p = [(k-2)/2] + 1.

Let

«-{«*+.=aí};:0.   * = {6,. = i/ (/ + i)}f-0».

Then

I(Ar-2)/2]       ¿J

S    (7TÏ) <M°.I^

Now, since 2£0**(l/(» + 0) < °°>

||0   _
inn lit/-      —

p-too "

and

j™ll»'C-'l<M'

irt-up{ioi,(/f + £ + ̂ )

_,«(„♦# + **££)), s#w<1-

<«(*/*;/'>).
Putting these two results together yields

l(fe-2)/2]      A.-

Thus,

|£i*}(*)| < f 2'sin uicoiv/n,/™) + o(l)) du
•'m

< cv(v/n;fr)) + o(l),

and we can show that

/ Akr\t)<px(-t) dt= 0(\\f%0) + o(l),
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and the conclusion follows from equation (3).

2. Approximation in the Orlicz space norm. The theorem which we shall

prove in this section is a generalization of the fundamental result of S. M.

Nikol'skii [8] and B. I. Golubov [3].

Theorem. Letf £ CV£, <3> an N-function, r > 0. Further suppose {x¡) are the

points of [—it, tt) at which /(r) is discontinuous. Let

a, = fr)(x + 0) - fr)(x - 0).

Then, for each reflexive A' N-function, ^, with J?$(t~x) dt < oo and

lim ¥(*)/*(*) = 0,
x-*0

we have, for /w continuous,

\\f-SH(f)U-o(l/n'*-\n)),

otherwise,

l/-*C/)k<-=k
n'*_,(/i)

C|S   »
0(l)+l/*->ll/-i- 2*(ay)

To prove Theorem 2.1 we must first develop several other results.

Let a be an arbitrary real number, n any nonnegative integer, and r any

nonnegative real number. Then we define

~     cos(Ax + a)
%(a, r,x)=    2

k-n+l k
/■+!

2.1   Lemma. For $sA' N-function such that f^W1) < oo, and for
r>0,

(!) %(«. »", *) = r/r + nfl, <P*(«> '. i«) + e„(a, r, x)

where

,=o (v cos(t + a)-t sin(t + a))
(2) <pt(a,r,t) = \    e  V-:- dv

Jo v2 + t2

and

fV <¡>(nr$-x(n)en(a,r,x)) dx= O($(<K\n)/n)).

To prove Lemma 2.1 we first need several auxiliary results.

2.1 A Lemma. For v < n, \t\ < nir,
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1

Proof. The left-hand side of (3) equals

? + 5('-K^r))-('-^(^7))

If we use the substitution

in the above equation, the numerator becomes

S+m-MfftH-Mfb))]

t0(¿±¿)t<,(¿±á¿±¿)l

i /    —v   \ ^       V       ^   V
l-eXp(n-+-T)>n-+-T>Yn

^exp(7?r)>^exp(-1)-

mations, the left ¡

0(¿±A±¿)

On the other hand,

and

Using the above approximations, the left side of (3) is

c2 + th> + v3

O ((v2 + t*v + v3)/n)      0((\ + v)/n)

(v2 + t2f/n2 (v2 + t2)/n21/-2
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2.1B Lemma. J/0 < p < 1, |x| < it, then

1 1

61

(1 - of + 4p sin2 x/2      (1 - p)2 + px2

0(x2)

(1-pf + px2

Proof. The left side of (4) equals

2 sin x/2^(, + i=^)(i-2is£)

((1 - p)2 + 4p sin2 */2)(l - pf + px1

Now, for x =£ 0,

(l + |«¡nf)<í   and   (l - \ sin § ) = 0(x2).

Hence, the left side of (4) equals

pO(x*) 0(x2)

(1 - p)2 + px1((1 - p)2 + 4piina*/2)((I - P)  + px2)

2.1C Lemma. When 0 < p < 1 and \x\ < it,

cos((n + l)x + a) - p cos(nx + a)

= (1 — p)cos(nx + a) — x sin(nx + a) + 0(x2).

Proof.

cos((« + l)x + a) — p cos(nx + a)

= cos x cos(nx + a) — p cos(nx + a) — sin x sin(nx + a)

= cos(«x + a) + O (x2)cos(nx + a) — p cos(nx + a)

— x sin(nx + a) + 0(x3)sin(nx + a)

= (1 — p)cos(«x + a) — x sin(nx + a) + 0(x2).

2.1D Lemma. Let $ be a A2 N-function such that f^iW1) dt < oo.

Define for r > 0,

•'O     V   + t

and

Jroo    p-»,ir
-TT72 dv= thM-

o   tr + r

Then there exist constants C = C($, r) and B = 5($, r) jkcA that for r > 1

r<b(hr(t))dt<c,

and for r > 0
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(™ <S>(gr(t))dt<B.
J—oo

Proof. We have that for 0 < / < oo, r > 0,

1   z-00 C(r)      (
hr(t)<±foe-°v'dv<—=<¡

and for 0 < t < 1,

,oo e-u'(ut)rtdu

hr(t) = I       , ,
rV '    4>     i2(l + u2)

<"T Ce-U'(ut)rtdu+ (*e-" (uty-it d
t2 Jo Ji

= \ f'e-cvrdv+ [le-vvr-2dv+ f°Vv
r2 j0 J, Jx

<4r f o'áb+ fV-2í/t?+ C
r •'o ■'z

<ÍC(/r-1 + l),     r*l,r>0,

lc(l+|log/|),   r-1.

Since 4>(c//2) - 0(c/i2) = 0(l/i2) as r -» oo, we have

/     <t>(h,(t))dt<[     4-2)dt = ¡     o(\)dt=lx
J\t\>\ J\t\>\  V t21       J\t\>\   V r /

If r > 1, we have

f     $(6r(/)) <ft< f     $(c(l + |/|r_I)) rf/< I2 < oo.
J\t\<i J\t\<i

If r = 1, we have

f     *(*,(/)) A< f     *(c + c|log|/||) df < c + | f     *(2c logl/l) dt.
J\t\<\ J\t\<\ ¿ JV\<\

Now since $ is A2 for large values we know that there exists u0 and ß > 1

such that u > u0 implies $(h) < A(u0, §)uß. Let a = ß + 1. Then |log|/| | =

o(/~1/o) as r-»0. Choose 2 > e > 0. Then there exists 5 = 8(u0, c), Ô <

Uq", such that for \t\ < S,

2ctl/a\logt\<e/2,

and

i, < oo.
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f     *(2clogM)t*<f        *(2clog|/|)<//+ 4 f      $(r{/a)dt
J\t\<\ JS<\i\<l 2 J\t\<S

<AX + f f a$(u)/utí+tt)du
2 ■'loi"'/"

= ^, + 4 f ad>(u)u-ß-2du
2 •/|u|>«-'/«

</4, + ^-   f «-2rfK=I2<00.
2    •>|>5-'/a

Thus, we have that

f°° $(hr(t))dt< oo   forr> 1.
» — 00

Now, suppose r > 0, then for r =£ 1,

f *(&(/)) *< f *(*(' + O) dt< °°>
•/0<|»|<1 •/0<|*|<1

and for r = 1,

f        *(&(/)) <ft < j f        *(2c/) df+ | f        *(2c/ log|r|) dt

since

lim|/log|f||=0,
r->0'        ' "

|i| |log|/|| is bounded on (-1, 1). Hence, <b(2ct log|i|) is bounded on (-1, 1)

and has a finite integral. Thus,

f        $(gr(t))dt< oo,       r>0.
•/0<|f|<l

For all r > 0, we have, by hypothesis,

f     <b(gr(t))dt<{     <b(c/t)dt <oo.
J\t\>i J\t\>i

Thus, for r > 0,

('°<b(gr(t))dt<oo.
•'-00

We now return to the proof of Lemma 2.1. From Nikol'skiï [8] we have that

%(a,r,x)

(5) j -i     /       j \r cos((w + l)x + a) — p cos(nx + a)

= TÔTÏ) i P1l0g P ) -p2-2pcos,+ l- *"

By Lemmas 2.1B and 2.1C,
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cos((« + l)x + a) — p cos(«jc + a)

p2 — 2p cos x + 1

cos(nx + a)(l — p) — x sin(nx + a) 0(x2)

(I - p)2 + px2 (I - p)2 + px2

We may write

%(<*> r> x)

üTñfyhi)
I \' cos(nx + a)(l — p) — x sin(nx + a)

T(r + 1)

+ Sn(r,x)

= 9n(a,r,x) + 8n(r,x),

(1 - pf + px2
dp

and

|*„ r>.*)|-
^ri   p"(logl/p)r    j

O (X¿) J    -;-  dp
K   }h  (l-p)2 + px2

o(i)r1pn-,(iogi/p)rJ
•'O

- 0(n~r-1).

Now consider 9„(a, r, x). We substitute p = exp(-t?/(« + 1)) and t = nx in

the expression defining 9n, obtaining

1_ cco _„,(!- e-°A"-fl>)cos(/ + a) - t/n sin(r + a) ^

(1 _ e-cA«+D)2 + i_e-W(«+»
n2

Now let

where

i 77+1       r00 -

|4(*r> 0| < (n + iy+ir(r +1) ' (i - «-/(«+»)' A e %

< cexp(-n/2)

where c depends only on r.

Using Lemma 2.1 A and

do

1-m^-'M^)
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we have

9.(a,r,t/n)

«,(«.r./) +
T{r + 1)(« + 1)"

Jo      n

v cos(i + a) - t sin(r + a) + o( ^—- ) - (1 + O ( —^ j j

vc + t'
dx

n _v'0((l + v)\t\)z,                         1               r»      «c?ui +
¿.(o,r,0+-!-r I  e~"-^-
' T(r + l)(n + \Y+l Jo v2 + t

dv

n   _    VrO(v+ V2)

T(r

1 rn _   V L/\v T t

+ l)(n + 1),+1 •'O e v2 + t2
dv

1 f °°  -o °r(V C0S(' + ") ~ ' sin(' + <*))

~ T(r + l)n' J»  ' vTT? *

/        n_\_\_1_    r* .„ or(" cos(f + a) - / sin(f + a))

I (« + 1)'+1      n'JT{r+\)Joe v2+t2

I 1 /•»       vr(v cos(r + a) - t sin(z + a))
+ — - i    e~   -

n' T(r + 1) Jo

dv

vi+ /"
<fo

- «„(a, r, 0 + I,(/) + IIf(/) - 111,(0 + IV,(/) + <p¿a, r, t)

- £;(a, r, /) + 9¿a, r, t).

Using Lemma 2.ID, we have that,

|ivr(0| < _ j_
r+l        nr

1

r(r + 1)(« + 1)

•|Ar+1(/)cos(/ + a) - g,(/)sin(i + o)|

so

["* $(n'$-x(n)lVr(t)) < c0>rcD(cI>-'(„)/„) r<I>(|A,+ 1(0| + |g,(0|)<*
J-mr *^0

< c*(*_1(«)/ii) - 0(<I>(<K '(«)/«))•

We note that

0(t; + uz)
/Oit?2),    t?>l,

0(v),      t> < 1.

We first consider
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oo e-°vr(2v)
dv= 0(e-"/2).

Now, suppose r > 0. Then

rne-DvrO{{l + v)\t\)

\(n + iy*T(r + 1)IX0| -/ -2\  ,2    ' '    *
•'o v  + t

_»'0«1 + n)|<|)

J0<\t\<v<n     J0<v<\t\
v<n

v2 + t2
dv.

Let the quantity represented by the first integral on the right be A and the

second be B. Then,

A <

, (0(vr+1) + 0(vr+2))

I e-vl- ___
J0<\t\<v<n V2+t2

< fo(e-°vr-x) dv + f"o(e~vvr) dv < C.
•'0 •'0

Je v2 + r •'o
B < I "e

+ <,».-.*>>v + '> „

■l
Vl _vvrO(l + v)

< \    e dv - f'Vv'OO + v)dv < C.

The constants, C, in A and B depend only on r. Hence

|I,(0| - 0((n + I)-"1).

Also,

., r+x .      rie-vvrO(v) rne-°vrO(v2)
\(n + l)r+xT(r + l)Ur(t)\ «/ Y dv+f \}
1 '    'o     tr + r J\     v2 + r

< C+f"e~eO(v2)dv = 0(1).

Thus, |II,(/)| = 0((n + l)-r~'). Hence,

/mt
$(nr<!>-\n)e'n(a,r,t))dt

< \ /     <b(2nr®-\n)(8 + \r + IL - III,)) dt
*• J-mr '

+ \ ["" $(2nr$-l(n)lVr(t)) dt

= O («$($-'(«)/«)) + O (0(d)- x(n)/n)).

dv
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We now suppose r = 0. Then

r\       0(v + v2) rn      0(v + v2)
\(n + 1)II0(/)| - / e- ' dv + j e- ' dv

Jo v¿ + t J\ tr + r

,1 e~vO(v + v2)

</   -2      2       dv+0(l).
J0 V2 + t2

For |/| > 1,

r\       0(v + v2) r\e~°0(v)dv     ri
I *"    \      2     dv<      --¿— <[ e-°0(v)dv= 0(1),

Jo vz + r Jo r Jo

and for 0 < |/| < 1,

,i       Q(v + v2)          çx   0(v)
\ e    —-— dv < J   —- dv

J0 V2 + t2 J0   V2 + t2

= oilog(-^)j = o(log2 + log j).

Thus,

K.*w)i-*cij*{sw/1)p ¡;¡<¡:
Now,

r      fie-°0((l + v)\t\)           r„       0((1 +o)|/|)
\(n + 1)I0(/) = f -;\   2 " " dv+f e"«-^-M dv,

Jo V2 + t2 •'1 V2 + t2

where

re-°Q((l + v)\t\) re-°Q(v2)      fne^O(t2)
I    -z-r- dv<-+ /- dv=0(l),

J\ v2 + t2 Ji v2 hi1

and, if |/| > 1,

f....o(0 + .)H)A </H^
Jq v2 + r Jo        t2

while for |ij < 1,
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,t.,0((i + c)|<|) a< fN!=2(M) &+ rî^ow
•^o t>2 + t2 Jo t2 J\t\   v2 + t2

dv
I'l

fie-°0(v\t\)
I   —:-— dv
'\t\    v2 + t2

Thus,

|(« + i)i0(0|-o(i) +

,1   0(t>) r\e~°0(v2)
<0V+Ls+-72d°+L^^d0

-0{l)+o(log(i±£)).

0, |/| > 1,

0(log|l//|),    |/|<1.

The above conditions show, if e*{a, 0, t) = 8(a, 0, t) + I0(/) + II0(r) -

III0(/), then

/     1     \      f 0, |r| > 1,

*(«>°>0-°(7TT)+{o(iogm/(n + i)),   h<i,
and, hence

J""* $($-'(«)£*(«, 0,t))dt

Substituting / — e~w in the first integral gives

r\   I $-'(«)     / n\ ,00   / *-'(/i) \

/onTTT0!1-10^))^^ •(TTr-o(i + w)j.-^

/ $~l(n) \ ,oo ,oo   / $-'(/2) \

/ $-'(«) \ / <E»-'(«) \   ,oo

<cÍir+^) + cÍir+-r)í0^e-Wdw-

Now $ is A2 implies that there exists u0 such that for w > u0, $(w) < Awp for

some/? > 1,A & constant. Applying this,

(C°$(w)e-Wdw< fu°$(w)e-w dw+ f^Aw^-* dw< oo.
•'O "'O Ju0
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Hence,

f d>($-i(„)e*(a, 0, /)) dt< 0(n$(®-\n)/n)).

Then, since e'„(a, 0, t) = e*(a, 0, /) + IV0(/),

["" §\%-\nyn(<x, 0, /)) dt< nO($($-x(n)/n)) + 0($($-x(n)/n)).
J — mr

Define e„(a, r, x) = e'n(a, r, nx) + S„(r, x), for |x| < it. Then,

r* $(„'$- \n)e„(a,n,x))dx

-O("'*"I(B)(e-(a'r'0+fi-(r^))) »

= O ($($-'(«)/«)).

Hence,

1 /-co (t? cos(«x + a) — (/ix)sin(nx + a))

<P„(«. '> *) = r(r.u„r j   e V-~2—7~¡- dv
T(r + l)n   Jq „2 + ^2

+ e„(a,r,x)

= cp#(a, r, nx) + e„(a, r, x),

where

f $(nr$-l(n)e„(ct, r, x)) dx= O ($($-'(«)/«)).

2.2 Lemma. Let $ be a A' N-function such that f^W1) dt < 00, cj/k/ fer

r > 0. TAf/i /Aere? exùte S = 5(0, a, r) such that

f2"$(nr$-x(n)<pn(a,r,x))dx< S+ O($($-'(«)/"))•

Proof. By Lemma 2.1,

£$(nr$-l(n)<pn(a,r,x))dx

i   rff   / 2$-,(«) \ i   ,.„

< 2 /_.*( T(7Tiy **(a'r'nx)) dx+2 f_*{2»r*-l(»)'*(*' r> *)) <*

< cf $($-x(n)<pt(a, r, nx)) dx + 0($($-\n)/n))

< cf *(ç>.(a, r, x)) dx+O («(«"'(/i)/»)).
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Now <pç(a, r, x) = cos(x + a)6r+,(x) — gr(x)sin(x + a), and so

*(|ç>,(«,r,*)|) < c[*(A,+ I(*)) + *(gr(x))]

and

/" *(<p,(a, r, x))dx< c\r *(A,+ l(x)) A + f°° *(*,(*)) dx] < oo,
•'-oo [•'-oo •'-oo

by Lemma 2.ID, which yields the conclusion of the lemma with

$(<P*(a> r, x)) dx.
-oo

2.3 Lemma. Let $ be a A2 N-function and let 8 > 0, r > 0. Then there exists

a constant C = C(r, 8, <E>) such that

f <S>(nr$-x(n)<p„(a, r, x)) dx= C$($-x(n)/n).

JS<\x\<m

Proof. From the proof of Lemma 2.1, equation (5), we have that

1
<pn(a, r, x) =

T(r + 1)

, (cos((n + l)x + a) - p cos(nx + a))

• I p"(log 1/p)'-st" —        —dp
Jo p2 — 2p cos x + 1

! M2p"->gl/p)r
<-=- I   - dp.

T(r+1)JQ       4sin2x/2

For |x| > 5,

.i2p"-,(logl/p)r

X
T2     /•!

4 sin2 x/2
dp<-^2-fp'-lQogl/p)rdp =

48¿ Jo

•u2   rc+O
4S2       n r+l

SO

r                                                           r             (  m2     *_I(n) \
f $(nr$-\n)<p„(a,r,x))dx< I $   -—■-—    rfx

< C$(4>- '(«)/")•

We define

<P(o),o(^) = 2 ¿""'sinfcx =
*-i

77 — x

2     '
0 < x <2ir.

Then,
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<Pw.o(x)=fD(r)(x - 0<P(0),o(') dt

= 2 A-r_Icosi Ax - !-^— tt) = <pJ- —— it, r,x).

We note that S[<p,r)fi] — <p(f)0, r > 0, so that we shall write

«     cos(Ax - (r + 1)tt/2)
<P(r),0- Sn(<P(r)fi) = <PM.n(x) =      Z       -7771-

k**n + l *■

= JD"(x-t)<p{0U(t)dt.

2.4 Lemma. Let $ be a A' N-function such that /|,|>i$(f-I) dt < oo anc/ fef

r > 0. Suppose — n- < xx < x2 < • • • < xm < it and define

m

f(x) = 2 OkVwÁ* - xk)

where a = {ak) is a sequence of real numbers. If

0 < fi < minin- +
*1        xm      X2       X\ *m        Xm — 1

, • . . ,
}■

then

•-^»^^%-r
where f(n) = OmAa(g(n)) means \f(n)/g(n)\ < c where c = c(m, fi, a).

Proof.

L\y<i>-x(n)(f-sn(f))l

= inf-U
«    / nr^~x(n)■Í-Á

2k
(f-S„(f))\dx<l

i \ fW    I nr$-\n)m*{ \dx <ll.

Let

then

R = R($ .«./) = Q/_'r4
.Jn'*-*{n)if-Sm{f))

\dx



62 ELAINE COHEN

«'*(«) II' 1

Now we need only determine R.

Let % denote the characteristic function of the set (Xj — 5, Xj + 8), j =

2,...,m — 1, of the set (x, - 8, xx + 8) u (xx - 8 + 2tt, it) for/ = 1, and

of the set (xm - 8, xm + 8) u (- it, xm + 8 - 2ir) for/ - m. Then

m m

(f- S»(f))(x) =   2 X/(x)ajq>rrU(x - Xj) +  2  0 - 7Q(x))Oj<P(r),n(x - Xj)
J-\ j-l

and

R      ¡.ml nr<S>~x(n) °°

c~= L *l —2~" " 2 *v*H?w*(* - *;)
7-1

nr$-x(n) «

2 (1 - /y(^))o}<p(r),B(x - x,)  áx
7-1 /

¿x< \ £*(n'9-Xn)% X,(x)Oj<p,,u(x - *,))

+ £ /./("'•''wf 0 - X,(x))°jnru(x - *j)) dx

since, by Lemma 2.3,

jW_*(n'<b-\n){\ - Xi{x))oMrU{x - xjj) dx= OmAo ($($"•(«)/«)).

By Lemma. 2.2,

1 p+5$(„^->(„)0-.(p(r)fl(x - x)) &
*■ JXj-S

< ^ *(ay)/J»+,*(»,*-I(»)f«(rX.(* ~ *,)) dx
*■ •'xj-S

< (C4/2)$(a,)(s + 0(*(*-'(ii)//i)>

and we have, finally,
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MffllK H^))
C*5   "• /   / $_,(«) \\= _|_2*(,j)+iW(*(_L>)j.

Thus,

'■^^•r1

as desired.

2.5 Lemma. Let $ 6e an N-function and f E T^. T6e« /6ere exùfj a ^= 0

jwc6 r6ar

sup   f \af(x + h) - af(x)) dx< 38Vi2S)(af).
|A|<« Jo

Proof. Since/ G T^, there exist k ¥= 0 such that kf G %. If 1 is such a &,

then/ G % and let a = 1, otherwise let a be any k as above. Fix 5 > 0 and

take any 6 G (0, 8]. Let h be the least integer greater than or equal to 277/6,

and let /, — ih, i = 0, 1.n — 1, t„ = 277, t„+x = 2t7 + 6. Further define

,_i<.
ft"

i = 0,1,...,« — 1, n + 1,

f„_, + 6,    i=rt.

f 2*<£>(fl/(i + 6) - a/(0) ¿/ = 2 f' *(*/(* + *) - «/(')) *
•'o ,_i -V,

<2('i-'i-i)   sup   $(af(t + h)-a(f(t)))
i-l

< 6 2     sup   $(a/(r + 6) - af(t))
i-l  /£[/,_!,/,]

Dividing this sum into two parts, we let 20 denote the sum over even /, and

let 2i denote the sum over odd /'. Then
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C"®(af(t + A) - af(t)) dt < A20    sup     $(af(t + A) - af(t))
J° reU-„/,l

+ h2x    sup     $(af(t + A) - af(t))
reb,.,,/,]

< A20       sup        4>(a/(x) - af(y))
x,yeh¡-i,t'n.\]

+ A2,       lim        *(*/(*) - af(y)).
x,yeI//_i,//+|1

If 2ir is an integral multiple of A then there is no overlapping of the

intervals in each summation. Otherwise, if n is even, [2ir — t'n_2, t'n — 2ir] n

[0. '2! = [0> f il» so we let 2', be the sum over all odd i, except n — 1 ; if n is odd

then [2tt - t'n_x, t'n+x - 2ti] n [0, t2] - [0, *',], so let 2', be the sum over all

odd 1 except n.

Fix e > 0. We may choose x'¡,y¡ E [t'¡_x, t't+l] for all 1 so that

20       sup        $(af(x) - af(y)) < 20[*(a/(*;) - af(y¡)) + e/n]
x, ye{t¡- ,,<;+,]

< 20*(«/(*»') - a/W)) + «.

< 2', [*(«/(*',) - qf{y¡)) + e

< 2í*(«/(*;) - «/(*')) + e,

2',       sup        *(„/(*) - fl/(7)) < 2',[*(<?f(*i) - af(y;)) + e/n]
x,ym[t¡-i,t'l+il

and, n even,

sup      *(a/(x) - a/( v)) < *(a/K_,) - flf(Jí_0) + c/«
x,yelti-2,f.l

or, n odd,

sup       *(«/(*) - a/OO) < *(tf (*;) - û/(X)) + e/«.

Now, |x/ — y'¡\ < 2h, i = 1,..., n, and so

f2\af(x + A) - a/(x)) </x < A (2o*(tf(*) " «/W) + e)
•'o

+ A(2i*(fl/(x;) - fl/W)) + e) + h{V$»\af) + e/n)

< 3h(Vi2h)(af) + e).

Since e is arbitrary, we have

sup [2W$(af(x + A) - af(x)) dx< 3&Vgs)(af).
\h\ <sJo

2.6    Lemma.   Suppose   O   o/ic/   ¥   are   N-functions,   ty   is   A2,   and

limx^{x)/${x) = 0.   Then   %C^ = {/ë %:   K£(/) = 2°°_1*(a,)



DEGREE OF APPROXIMATION OF A FUNCTION 65

where {oj} is the sequence of jumps off).

Proof. Let e > 0. Suppose / G %, {xk} its points of discontinuity and

{ok) the corresponding sequence of jumps of/.

Define

m

8m(x) =   2  °*<P(0),o(* - Xk)
k-l

and let

K(x)**f(x)-gm(x).

Since lim^o <ír(x)/<^(x) = 0, there exists A = X(e) such that, when |x| < A,

0) *(x)<e$(x)/V(l>(f) + 2.

Now/ G % implies that 23>(o-Jt) < oo which implies \ok\ ->0. Thus, there

is an N = A (A, e) such that 2 "+,*((?*) < *(\/4). We have that hN is

continuous at xx,..., xN and that the oscillation of 6^ at x G [0, 277] is less

than X/4, so there exists an n, > 0 so that u(r¡x, 6^,) < A/2.

Next, since gN is a piecewise linear function, there exists n2 so that

\gN(ß) — gs(°)\ < A/2 for (ß — a) < n2 and a, ß on the same interval of

linearity. Let 80 = min(7j,, ijj).

(2) \f(ß)-f(a)\ <\gN(ß) - 8N(«)\ +\bN(ß) - hN(«)\ < A

whenever | ß - a\ < 80 and {x,}f., n [a, ß] = 0.

Let y be the minimum length of the intervals of linearity of gN, and select

5, < min(50, y) so that when

(3) a < x¡ < ß and | ß - a\ < 8X,

*(f(ß) - /(«)) < *(*,) + e/ {N(V9(f) + 2)),       i = 1,..., N,

and when

(4) x¡ = a or x, = ß, \ ß - a\ < 8X,

*(/(/?) -/(«)) < *(o,/2) + e/(N(V*(f) + 2)).

We now choose a partition {yf) of [0, 277] with mesh less than 5,, so that

{x,}^, n {yf) = 0. Denote by 2a the summation over all/ where {x,}f_, n

[yy_,, yf] = 0, and by 26 the summation over all/ where {x,}7_, n [y¡-\,

yj[ ^ 0. Then from (1) and (2),

y(f(y) -/( y •_,)")
s.*(/(*) -/te-.)) = 2-t(>to)-/te-,)) (/te) ""/te-'))

For 2¿, we have, from (3), that,
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26*(/U) -/Ofr-i)) < 2 (no,) + e/(N(V«(f) + 2))).
i—i

Hence,

2*(/Cv,) -fiyj-x)) <^(/£) + 22ad»(/U)-/(>>-.))

+ wr2+|^)

< « + 2 *(»,)•
i-\

Now, on the other hand, suppose we choose a partition {z/} with mesh less

than 5, such that {x,}f_! n {*,} ¥* 0. Let
2a denote the sum over all/ where {x,}f„, n [z,_i, *,-] = 0,

2t denote the sum over all/ where {2,..,, z,} n {x,}f_i ^ 0 and

2C denote the sum over all/ where (z,_,, z,) n {x¡)f.x ¥" 0.

Proceeding as before, 2fl¥(/(2/)-/(z,_,)) < eK4(/)/(K*(/) + 2). If we

denote by 2¿ the sum over all /' such that x, = Zj for some 1 and/, then

2b*(f{zj) -/(*,_,)) < 22'i[^(a</2) + e/(iv-(K*(/) + 2))]

< 2'6¥(a,.) + 2e(2'b(l))/{N(Vt(f) + 2)).

Letting 2'c denote the sum over all i such that x¡ E (Zj_x, zj) for some/, we

have

2c*(/(z,) -/(*;-,)) < 2'c[*(o,) + e/(AT(K4(/) + 2))].

Thus

2*(/(z/)-/(z)._1)) = 2fl + 2i + 2c

eV*(f)     . „, 2e AT

+ 2'éT7777T7r-T7 + 2; ,„„   '     , ,x  + 2 *(*,)^*(/) + 2        eiV(^(/)-r2) ciV(K,(/) + 2)      ,?,

< 2 *(<*,) + «•

Thus, for any partition {Wj} of mesh less than fi,,

and

2*(/(w,) "/(Vi)) < 2 *K) + *

nco< 2 (*,) + *•i-i
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Since e is arbitrary, and we also know that V%(f) > 2Jli^(a() for all

functions/ G T^, where {o¡) is the sequence of jumps off, the desired result

follows.

2.7 Lemma. Suppose /w G L*,, r > 0, then L*, reflexive implies

ll/-^(/)L<^^(i;/w).

Proof. For/ G L%, Ryan [10] has shown \\Sn(f)\\* < cll/ll<j» wnere c is

independent of n and/if and only if L% is reflexive. Suppose Tn(x) is an nth

degree trigonometric polynomial of best approximation to / and define

E„(f\=\\f(x) - Tn(x)l.

Reflexivity of L% yields

(1) \\f-Sn(f)l<\\f-Tn\\9+\\S„(Tn-f)l<(c+l)En(f)9.

We now use a result which will be proved below:

For/(r) G L%, there exists c = c(r, d>), such that

(*) *»(/)•<£«*( ¿;y°»).

Equations (1) and (*) combined yield the result.

To prove (*) we need the following definitions and results from Sz.-Nagy

[7]
1. Suppose  2Jm-{Oj.om_x,  Tj, ...,Tm_x)   and g E Lx,  g(x)~

2 "_,•«* cos Ä:x + /?A sin kx. Define a "regular approximation to g(x)" by

m-l

£m-i(2,m; *) = 2 <>*(«* cos kx + ßk sin kx) + rk(ßk cos /ex - ak sin ¿x).

2. Henceforth, X = {A^.}^, denotes a three-fold monotone sequence con-

verging to zero (Xj > 0, Xj\0), for which ~2(Xk/k) < oo, and let 5 be an

arbitrary real number. If

00

f(x) ~ 2 °k cos kx + bk sin kx,
k=j

define

(Usf)(x) = 2 h{ak cos(foc + ¿&V) + 6t sin(£x + ±ÓV))

(1)

*>fH{*(y)f(x+y)dy

where

(2) 77^ (y) = f A, cos(A:x - ¿ ÓV).
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The series on the right in (2) is a Fourier series converging to an integrable

function, H{s, and the series in (1) is a convergent sequence almost every-

where.

3. Theorem.   If S = 0,   there   exists   a   set   "2Xm = {of,, . . . , am_x,

t„ ..., fm_,} and a polynomial

»i-i»

P\o~ ' ix) ~ 2 I* cos kx + r¡k sin Ax,
k=\

where for 1 < A < m — 1, lk = Xk(l — oA), r¡k = —\kfk, such that

jf0>5M + PA"1 W| *- Í 2(-i)' ^f •

4. Theorem.   7/5=1,   /Aere?   ex/its   a  set   2fm = {a,, . . . , ôm_,,

T|,..., Tm_,} and a polynomial

m_I«

^xi-1 (*) = 2 i.cos ^* + i*sm ^x'
¿=i

where for l<k<m-l,lk = Xkrk, tja = AA(1 - ak), such that

f|«aw + iB-w|*-èS^f?.
5. Theorem. For 5 arbitrary there exists a polynomial P™s~ x(x) such that

j[>5 w + ̂ r1 W| * < Í |cos íh|o(-i)'^tÍ

+ l|sin,H|  W,_
* I 2      '„„0   2y+ 1

Note that #j3(x) = cos J ôttH^q(x) + sin ¿ SvHftix), so choose /»¿JT'OO

= cosi&rPjJ5_,(x) + ri&£&r?£-1(x). Select

2fm= {or-...,o*_„Tf, ...,T*_,}

so that if

m-l

^¿S-1 (*) - 2 £*cos ̂  + 'i*sin kx>
k=\

then

£* = \ cos "Í ~~ K\a* cos y ^ - T* sin x Sa-J,

i?£ = A¿ sin —Sir — XJa* sin — fin- + t* cos — S77).

6. If f{x) = !Hxs{y)g{x + y) dy, then
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\f(x) -/m-i(2f„; *)| -|/(ÄS 0) + ̂ _1 O0)*(* + >0 dy\.

7. If X = {k~a}k°mX, for a > 0, then X is a three-fold monotone decreasing

2*m so that

sequence, A:-" \ 0, and 2A: a  ' < oo. Let 5 = - a. Then by 1-6, there exists

at

f^\H^-a){y) + P^C-Uy)\dy

(-1)'4Wi       i     i v^ — cos j era-  y —
*" ' ',-o (2f+l)((2*+l)m)

1
H-sin ¿ad 2j  -

* ' ' ,-o (2f + 1)((2f + l)m)

mc
-Icos ¿enrl 2 (~l)'i> + 1)-l-o
77 »-0

+ - [sin iaTrl 2 (2^ + 1)-l-o

».-0

We continue with the proof of (♦). If/, g are as in 6, and g E L9, then

||/(x)-/m_,(2fm;x)|4

sup
•2it ,2ir

/ *«(*)/ V* + j0(#¿3 (>0 + 7>^-' (7)) * dx:
{•'0

JV(t?(x)) dx < 1 ]

ii^jrVAW+'uS"1^)!*-
Since T¿,_tt)g, X= {k a), is just the fractional integral of g of order a, then

g=/(a),'and,by7

Thus

Next, define

||/W-/«-i(2r;*)L<||/a)Lcam-.

/(«; *) - T fV2 /(* + 0 *,
n J-h/2



70 ELAINE COHEN

and for g £ L&

\\(8(h; x))%= \ sup{/o(x)(g(x + A/2) - g(x - A/2)) dx:

f$*(v(x))dx < lj

= \ \\g(x + A/2) - g(x - h/2)Wt< \ <o*(A; 8),

and

||g(x) - g(A; x)|, = sup{ j\(x)(g(x) - g(h; x)) dx:

f$*(v(x))dx < lj

- sup M 2wv(x) \ fh22(g(x) - g(x + 0) dt dx: JV(t?(x)) dx < 1 j

<A"'/-A//2l|gW"^ + 0|l*í//

< a9{h/2; g).

Noting that (f(x)-f(h; x))<«> «/<«> - (/(A; *))<■> - /» - /<«>(A; x) al-
most everywhere, we have

*.(/).< KU-m •))«+ *(/(*; •)).

<^||/-'-(/c;-)nL+^|w; •))'"!

-£||/" -/•>(* -)IL+^ !(/<•>(<>;. ))|L

Now, letting A = 1/A, we have

^(/)*<(ca + ca+1)»-aco4(«-,;/(a)))

which is (*) when a = r.

2.8   Lemma. Suppose / E %\ r > 0, $ an N-function. If * is a A'

N-function and L% is reflexive then
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||/-s„(/)||*

< «'*-■(«) I1/ y\ cVg'-Xf») r\ y(¥, *,/'>,/T1) JJ
where

f ¥(g(x + t) - g(x)) }

*•■***>- s"»|iw771F7w):' e[<U*]'H< Î

Proof. Suppose g(x) G %. Then using Lemma 2.5,

f      /•   / S(* + A) - £(*) \ 1
||g(x + 6) - g(x)\\'* -mil*: /*( -i-¿-^ j ¿x < 1 j

[ r ¥(g(x + 6) - g(x)) |
< infj A: c¥(l/A) / —H-f • $U(* + A) - g(x)) dx < 1[ l '   ̂   *(*(* + 6) - g(x))       ^ '    ,l" J

< infi A: c*(l/A)y(¥, <£>,g, h)j$(g(x + A) - g(x)) ¿x < l}

< inf[k:c<lr(l/k)y(%$,g,h)3hVÍ2h)(g) < 1}.

Thus

|»(* + *)-ïMI»

By Lemma 2.7

V-s*(f)h< %<**(*; ¡f*)
Cr 1 1

<
n'*-\n)    *-x(c/Vi2/n)(fr)))    ^-'(l/y(^,$,/w, 1/«))

We now return to the proof of the main theorem of this section.

Proof. Let

m

«m(x) =fM(x) -  2 0,<P(O),O(* - Xj).
J-\

The oscillation of um(x) at x goes to zero uniformly in x as m -» oo since

2$(o,) < oo. We let y be as in Lemma 2.8 and select e > 0. Then there exists
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an m0 and 50 > 0 such that for all m > m0, S < SQ,

y(%®,um/2,8)<l/*(l/e)

since w(«OT/2, t) -» 0 as m -> oo and t -» 0. Consider

g(x) =   2 0,<P(r).o(* - Xj)

and let A(x) = /(x) - g(x). Then A(r)(x) = ume(x). Now

||/- Sn(f)¡* <\\8 - SH{8)\\* + 2||A/2 - Sn{h/2)\k.

Applying Lemma 2.8 and Lemma 2.4 with 5' chosen as in that lemma,

(*)

ll'-^li^^

/»'♦-'(n)  *-i(c/K,i,2/«>(ÄM/2))     *-|(l/v(*,*,/|W/2, 1/«))

Now, select « > l/50, which implies

i^'-T'i)
<

*(!/*)
and, therefore,

Thus,

£> l/*-I(l/y(*,*,A'-)/2,l/ii).

«/-s-(/)«*<^FTÔÔ

^♦^H^))J]
»r*- '(«)*" }(c/ V&2/"Khw/2))

Now, suppose {0,}"i ^ 0- Since ^(^"'(n)//!) -» 0 as « -» oo, we have

lim
/■-•oo

*
-1

*
-i C¿S

2 *(<*)
y=l
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and

lim
ce ce

„^oo   *-\c/V$'">(hM/2))       *-\c/V%(hM/2))

Since we know that

v%(g{r)) = ?>*(°J)<n(f%

and (f(r} - g(r))/2 = Aw/2, we have

Vt(A«/2) <\V%(/'>) + {V%ig<'>) < V%(/'>).

Hence,

lim «^-1(«)||/-Sn(/)||i,

< l/*"
ce

*"VK5(/))
7-1

where the right-hand side has no dependence on /w0. Since e is arbitrary, we

have

lim «'*"T>0||/-S„(/)||*< 1/*-
1

els «
2 *(*,) J
y-i

If/(r) is continuous, we note that g = 0 and (*) is replaced by

n'*-x{n)\\f-Sn{f)\\*

*-\c/Vi2/

= o(l)   as«-» oo

n)(/(r)))   /     \y(%*,f{r\l/n))
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