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BY
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ABSTRACT. When f is a 2« periodic function with rth order fractional
derivative, r > 0, of p-bounded variation, Golubov has obtained estimates
of the degree of approximation of f, in the L9 norm, g > p, by the partial
sums of its Fourier series. Here we consider the analogous problem for
functions whose fractional derivatives are of ®-bounded variation and
obtain estimates of the degree of approximation.in an Orlicz space norm. In
a similar manner we shall extend various results that he obtained on degree
of approximation in the sup norm.

81

Let f be a real function of period 2. If the rth fractional derivative, r > 0,
is of bounded p-variation, Golubov [3] has obtained estimates of the degree of
approximation of f, in the sup and L? norms, ¢ > p, by the partial sums of
the Fourier series of f.

We consider the analogous problem for functions whose fractional deriva-
tives are of ®-bounded variation. In 2.1 we extend Salem’s theorem of
uniform convergence of Fourier series. In 2.2 we obtain estimates on the
degree of approximation in an Orlicz space norm.

In this chapter we shall review the background material which we shall
require. In §1 we concern ourselves with Orlicz spaces, §2 will present basic
information on ®-bounded variation, and §3 contains the relevant informa-
tion on the fractional integral and derivative.

1. Orlicz spaces. In this section we shall summarize some results on Orlicz
spaces which we shall require. Unless otherwise noted, a complete presenta-
tion of this topic can be found in the texts of Krasnosel'skii and Rutickii [4]
and Zygmund [14].

Let ¢ be a nondecreasing right continuous function, ¢: R* - R*, ¢(0) =
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0, lim,_, ,@(x) = oo. Define
e '(y)= sup =x.
e(x)<y
Then ¢! is right continuous, nondecreasing, ~!': R* > R*, ¢~ !(0) = 0,
lim, ., ¢~ !(») = . If ¢ is strictly increasing then the usual definition of
¢~ ! and the above definition coincide.
Let

1

o(x) = [Mo(ydr and @*(x) = [Mo=' (1) at.
0 0
® and ®* are both convex, strictly increasing functions such that
lim ®(x)/x = lim @*(y)/y =0, lim @(x)/x = Jim &*(y)/y = e,
and (Young’s inequality): for a, b real numbers,
ab < ®(a) + P*(b),

equality occurring only when b = ¢(|a|)sgn a.

It is known that if M is any convex strictly increasing function such that

ll‘l_% M(u)/u =0, Jim M (u)/u = oo,
then there exists a right continuous nondecreasing m(x); m: R* - R*,
m(0) = 0, lim__, , m(x) = o and
M(x) = [Mm(s) ar.
0

All functions which admit this representation are called Young’s functions or
N-functions.

Henceforth, we consider integrable functions f of period 2#; integration

will be with respect to Lebesgue measure and will extend over a full period
unless otherwise noted. Define

Lo= {1 fo() < ]

and
L3 = {f: kf € L, for some real number k£ # 0}.

L, is called an Orlicz class. With norm

Mle= Sup{ffg= f‘P*(g) < 1}

L} is a Banach space, and is called an Orlicz space.
Luxemburg introduced an alternative norm on L:

o = int{k: [0(s/k) < 1, > 0},
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We have the relation || |lp < || * llo < 2| - |l making them equivalent
norms, but, for f # 0 a.e., || fllo/|l fllz = C, C not dependent on f, if and only
if ®(u) = A|ulP,p > 1.

It is known that for all f € L}, g € L3.,

Jeh) <IMfe  ifandonlyif s <1,

IAle < f ®(f) otherwise,

and

1]l €lloes
[ fe < 1ol gllge
1] £lloe-

We introduce the ®-moduli of continuity of f:
we(8; f) = sup || f(x + h) — f(x)]e
hl< 8

and
wp(8; f) = sup || f(x + h) — f(X)]o
W <8

Then wg(0; f) = wy(0; f) = 0; wg and wj, are nondecreasing. These functions
are continuous if f can be approximated in norm by trigonometric polynomi-
als. The definitions given above are analogous to those of «(p), p-modulus of
continuity of f € L? and of w, the modulus of continuity of f € C.

We say that an N-function @ satisfies the A,-condition (“is 4,”) if there
exists k > 0 such that for u > 0, ®2u) < kD(u).

We say that @ satisfies the A,-condition for large (small) values if there
exists k, u, > 0 such that for u > uy (v < uy), (2u) < kP(u).

The following conditions are equivalent:

1. @ is A, (for large values, for small values).

2. For each ¢ > 1, there exists k(c) such that ®(cu) < k(c)®(u) for all
u > 0 (u > some uy, u < some u).

3. There exists @ > 1 such that, if ¢ is the right continuous right derivative
of P,

[u|e(|u])/@(u) < a
for all u = 0 (for |u| > some ug, for 0 < |u| < some u).
From condition 3 we have that if @ is A, for large values, [u| > u,, then

O(u) < (P(uo)lu]“/uo";
if @ is A, for small values, |4| < ug, then
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®(u) > D(ug)|u|"/ug;
and if @ is A,, both these inequalities hold.

We have, further, that L} = L, if and only if ® is A, for large values, and
L3 is separable if and only if ® is A, for large values. When Lj is separable,
the polynomials are dense in Lj. Thus, we see that we can guarantee
continuity of wg if ® is A, for large values; otherwise, continuity depends on
the function f € L}.

If we have a sequence {f,}7., € L3 then norm convergence to, say, f,
implies mean convergence to f, € L3. The converse is true if and only if @ is
A, for large values.

We define a partial ordering on the set of N-functions by ®, < ®, if there
exists ug, a > 0 such that for u > u,,

‘ ®,(u) < a®,(u).
®, ~ ®, (read “is equivalent t0”) if &, < &, < ®,. It is known that ®, < P,
implies that Ly, C Lg,, and, hence, that equivalent N-functions generate the
same Orlicz class. Clearly, then, if &, ~ ®, and ®, is A, for large values, then
®, is also. It is known that in each equivalence class of functions which are 4,
for large values there is at least one function which is 4,.

From the remarks following condition 3 we have that “® is A, for large
values” implies that

L"=(f:f|j]“<oo}gL¢=L:;.

Ryan [10] has shown that reflexivity of L} is equivalent to both ® and ®*
satisfying the A,-condition for large values.

Orlicz first introduced (L3, || - ||p) With the restriction that ® be A, for large
values; Zygmund removed that restriction.

We say that @ satisfies the A’-condition if there exists ¢ > 0 such that for x,
y > 0’

P(xy) < cB(x)®()-

We say that @ satisfies the A’-condition for large (small) values if there exists
¢ > 0 and u, > 0 such that for |x|, |y| > 4y (x], |y| < up)

(xy) < c(x)2(»)-

All functions which are A’ in one of the above senses are also A, in that
sense, but the converse implication is not true.

If @ is A’ (4,) for small values, say |u| < u,, then we can replace u, by any
w > u,, but the A’ (4,) constant increases unboundedly with w unless ® is A’
(4, for all values.
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2. ®-variation.

We shall require only a few basic notions concerning generalized variation.
A more detailed presentation is found in the papers of L. C. Young [13], E. R.
Love [5], and Musielak and Orlicz [6].

We define, for an N-function @,

Vo(f; I) = sup 2 O(f(x) = f(xi=p))s

where the supremum is taken over all partitions Q of the interval 1. We say
that f € V(1) if V(S I) < c0.
Define

VEfi1)=sup T D(f(x) = f(xi-1))
Igi<s
where |Q| denotes the mesh of the partition Q, and let
3(6T) = Jim VEO(Si ).

It is easily shown that f € Vy(I) if and only if Vi(f; I) < co.

We define f € V(1) if there exists k # 0 such that (kf) € Vy(I). The
class Vg (I) is linear, but Vy(J) is linear (and = V#(I)) if and only if ®
satisfies the A,-condition for small values.

If the interval with which we are concerned is [0, 27], or any period, we
shall omit all reference to it and write Vg(f), VE, etc.

We define two variational seminorms by

Mlor=sup{ Z (f(x) = f(xi- )b T 8*(8) < Lall @},
where the supremum is taken simultaneously over all partitions Q and all
sequences {b,} such that £ ®*(b,) < 1, and
| flov = inf{k: Vg (f/k) < 1}.
Their equivalence is shown by the relation
Illev <INl < 2|l lov-

Another partial ordering is defined on the set of all N-functions by

@, (u) < D,(u) if there exist a, uy > 0 such that for |u| < u,
Q,(u) < ad,(u).

It is known that & < @, implies Vy C V,, and thus defines another
equivalence relation on the set of N-functions.

Functions f of ® bounded variation can have simple discontinuities only.
We shall assume that they are normalized so that

JR) =3(f(x+) + f(x =)
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3. Fractional integral and derivative. In addition to our previous assump-
tions concerning the integrability of f, we shall assume that [f = 0.

We may choose the constant of integration so that the mean value of f;,
the integral of f, is zero. Since f,, is periodic and of mean value zero, when
integrating it we can choose the constant of integration so that f,, is periodic
and has mean value zero. In general, having defined f(,,, coesSo-ry choose
for f,,, that primitive of f,_,, whose mean value is zero, i.e. if

f(x)~S[f] =2 c,e™= 3 c,e™,

n#0
where S[-] represents the Fourier series, then

@ @ ~Z e (= 5 (10D - 1)
where
0] DO(1) = ' (im) e

For 0 < ¢ < 2, the function D )(¢) is a polynomial of degree r. We may
consider (#) to be a definition of f,, the fractional integral of order , for all
r > 0, provided we set

(in)™"=|n|" exp(— 3inr sgnn), n#0.

The series (*)’' can be written

o0 o0
2cos 3 mr X, n~"cosnt + 2sin 3 @r 3, n”"sinnt.
n=1 n=1
We know that this converges for # % 0 to a sum D ¢(¢) and that it is S[D ¢)].
Thus, the integral in (*) exists almost everywhere and its value, Ji(x), is
integrable. It is known that the series in (*) converges almost everywhere and
is S[f»}, and f, coincides with the ordinary integral for r = 1, 2, . ... Thus

0
DY(1) = 3 n~" cos(nt - } ar),

nw=l

and

0
fin(x) = cos 3 ar 3, n~"(a, cos nx + b, sin nx)
n=1

0
+sin § @r 3} n~’(a, sin nx — b, cos nx).
n=]
The fractional integral operator is “additive”, i.e. fi,4 5 = (S gy almost
everywhere.
Let r > 0, and m an integer such that m — 1 < r < m. The derivative of f
of fractional order r is generally defined by
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FOx) = d™f( p(x)/dx™.

If we suppose 0 < r < 1, and f{,_,/(x) is absolutely continuous, then
S[f7] = S'[fa-n] =2 (in)c,e™,

and, almost everywhere,

f(x) = [DO(x = 1)) d.

In other words, f is the fractional integral of order r of f®. We shall adopt a
more restrictive definition so that the fractional derivative always has this
property.

We say that g(x) € L'(—x, «) is an rth order fractional derivative of
feL Y =mm),r>0,if

M) ff=fg=0,

@ f(x)=[DYx — D)g(t) dt, ae.
We denote g by f@; f@ will denote the function f. This definition is sufficient
for our purposes and will be used throughout.

If we assume that f has an rth derivative, g, according to this last definition,
then if

g(x) ~ 2 voe™,
we have, almost everywhere,
f(x) = g(x) = X v,(in)~"e™= 3 c,e™,
g(x) ~ X/ (in)'c,e™

and f(m—r) = g(m)’
If f(h; x) denotes the Steklov function,

1 rh/2

- x + 1) dt,

- f_mf( )
and 0 < m — 1 < r < m, we have, almost everywhere,
K2

s =5 L2 f

_h/zfpw—')(x ~0f(y+t)didy

L2 "2 [Dm((x + y) = )f(1) dt dy

—h/2

dam h/2
o |, Jmnx +9) &

= = |

[ 19 + y) dy= b ).
-h/2
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The functions we shall consider are in class L} and have rth fractional
derivative in class Vy, 7 > 0. Thus, the functions and their rth derivatives
have mean value zero. The class V{), r > 0, will denote the class of functions
f such that f© exists, f € V, and,

JOx) = H(fO +) + £z - )
811

1. Approximation in the C-norm. We devote this section to generalizations
of Salem’s theorem on uniform convergence [11].

1.1. THEOREM. If f? € VE, 0 < r < o0, T ®*(1/k) < o0, f continuous,
then ||f = S,(Nllc = o(n™").

Proor. For r = 0 the conclusion is Salem’s theorem so we assume r > 0.
Define

o0
D=3 k" cos(kt — sar) = D§(t) — S, (D§; 1)

k=n+1
and

(1) = fO(x + 1) = fO(x).
Then
f(x) = S, (fix) = % A ""D,g»(,)( FO(x = 1) =fO(x)) dt

-4 o
= — + D,” () (—1) at.
7 jc;<|x|<7r/n w/n<l<nl (=1

It is known [9] that

1 D ()| dt= 0 (n~");

( ) '/(;<|t|<1r/n| ( )I ( )

hence,

@ L[ DOWe(—1) di= o(n™),
T Jo<||<n/n

since £ is continuous.
We follow [8] and perform an Abel transformation on the remaining
integral, which yields

L D ()@, (— 1) dt
L P CIXCD

-1
® = ,,—(§,—,-,),—) [, AP@e(-nd

/n<l|t|<=

+ 1S ko) )[ AP (= 1) dt

k=n+1 a/n<|t|<w
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where
. [ 2k + l 1 .t
(r = = =
AL = sm( ~ 5 )/2 sin
1 2k +
)] -cos—z-msm( )/2sn—

.1 2k + 1 .t
+ sin 3 mcos(———z— t)/Zsm 2"

We want to show that
®) Il AP (D)9.(—1) di= o(1)
a/n<||<w
uniformly in x as n — oo (k > n). Now let
f AP (D (—t) dt = cos § rr JP(2) + sin L rr HP(1).
w/n<lt|<nw

Letting D, denote the kth Dirichlet kernel and observing that k > n,

K@ =[  Dued-1)d
© 7/n<ll|<
= sin ke LM o (1) di+ o(1)
m/n<|t|<w
where o(1) is uniform in x as n — .
Let

TR = [ S o (1) di= LEP(x) + o(1),
m/n<|t|<w
where o(1) is uniform in x as n — o0, and

kU rGe sk sin kt kt

LP () =
j=lk/n) " Jn/k

(1) at.
Letting k¢ = u, we obtain, for some 8 € (=, 27),

Lf,")(x)=f2" kiz (= 1) (u+j‘ﬂ')_$ini

@ e e
=7sing S (=1Yp (“”);..
j=lk/nl-1 0+ jm

Without loss of generality, we assume the number of terms in the summa-
tion to be even. If the number of terms is odd, we may omit either the first or
the last term, both of which are o(1) as n — 0.

Neglecting signs, the sum of two consecutive terms is
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%(01}"’) %(0+(2:+1)w) Wx(0+k2h")"<?x(0+(2},:+l)ﬂ)

9+2m 6+ Q@h+ Dm 0+ 2hn

+ 0+ Qh+ Dn 1 1
qp"( k )(0+2Im 0+(2h+1)7r)’

Now,

w( (2h : 3)x ; ,))

Qh+1)2h+2)7 °

®)

6+ Qh+Dr 1 1
o = o7 @ )| <

Choosing an integer M, M = M (n) = \/n, the sum of the first M of these
terms is

< cw(eM/k + o(1); ) = cw(o(1); f) = o(1)

as n — 0. The sum of the remaining terms is

¢ sup| f)| ,
m[—k/_n] = 0( ) asn — oo,
Considering
0+ 2k _ 0+ Qh+ Drm
o (L2 ) - ( L2 D7)

6 + 2hn

and replacing 6 + 2hw by (2h + 2)7 in the denominator, there is an error

(10)

x(@_ikihz)_%(0+(2il:+l)w)

1 1
0 +2hr  (2h + 2)m

20— 0
(0 + 2h7)(2h + )7

x(0+k2hw)_%(0+ (2Z+ l)ﬂ)

1
7(h + 2)2h + 1)

<If(’)(x + Lt:ﬂ) _f(r)(x + g+ (22+ Dz )

w(w/k; f7) w(m/n; )
Qh+2)@h+ 1) S @h+2)@h+ )

Thus, the replacement gives an error in the sum of these terms which is less
than cw(w/n; f©).
For simplicity, we suppose [k/n] — 1 is even. It suffices, then, to consider
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Rk-zz)/zl g+ SEHT) - f‘"( “(#')_”)

h=(lk/nl-1)/2 Qh+2)m - ’

an

7<0<2m

Let

0+ (2h+1
A= f(,)(x + 2h7rk+0)_ f(,)(x Lo . )ar)

and let ¢ be a positive sequence decreasing to zero as slowly as necessary to
have 7. ,9*(1/ke,) < 0.
For proper choice of b > 0,

1 bA" ( 1 )
—k* <SobA)+ D ——— | < 4 < .
2 (h + ey 2 (64%) 2 (h + Deyyy
Choose m = m(k, n) < (k — 2)/2. Then
[(k-2)/2] bAR
1 k
a2 w2, hel <A
and
[(k-272] AR A
€1 r) Lom+1
ay 27 2 h+1<‘*’(”/kf)2 Tt

Ae
< w(w/k; fP)logm + ';”

We choose m increasing with n so that
w(ﬂ /n; f(’))log m—0.

Thus

0+2hm\ _ (0+Qh+ D
2%( - )ojz(im )""(‘)‘

Similarly we may show that
T0x) = [T EE (1) = o(1)
-7

uniformly in x as # — 0, and hence, J¥)(x) = o(1) as n — oo uniformly in x.
Now, if we use an argument similar to that in Bari [1, Vol. I, §32]
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cos(k + 3 )t

HP(x) = - —t) dt
() '[r/n<|ll<w 2sin 3¢ (=1
cos(k + 1)t
o e e
a/n<|t|l<z 2 sin 3t

[ Cosk o (1) dt+ o(1)
w/n<|t|<w t

uniformly in x as n — 0. Letting
) _ (™ coskt
HR® = [ it L

we may use an argument similar to that used for J,®)(x) to show H*)(x) =
o(l) and H®(x) = o(l) uniformly in x. Therefore,

&) = 5,59 = & o) + o) 3 (k7= (k417

k=n+1

yielding | f = S,(Nll. = o(n™").

1.2 THEOREM. If f? € VE, 0 < r < o0, ZP*(1/k) < 0, then

If = S, (Nllc= o™ + 0 (n~"|F3.)

where

lgl3, = lim sup{ 3 (2(x) — g(xi-1))bi: |] < 8 T@*(5) < 1).

Proor. For g € V3 we define
o(8,8) = sup{ 3 (g(x) = g(x-1))b;: [Q]< 8, T*(5) < 1)
where the Q are partitions of a period. Then
l&l3. = lim o(3,2) and «(3,g) < cv(3, g)

where ¢ = 1 if ®*(1) < 1, ¢ = 1/®*(1) if *(1) > 1.

Since the proof is similar to that of Theorem 1.1, we shall simply state
where it differs.

Equation (2) becomes

Q) ;l; j;r/nD,gr)(t)q)x(—t) dt = O(U(Tr/n,f(’))n )

We now want to show

f A(r)(t)q’ ( t) dt= 0(0(7’/” r))) + 0(1)
v/n<|l|<w

= 0(I/7l1s) + o (1).

)
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Equations (6) and (7) remain the same. For (*) however, we do not use the
mean value theorem, and will assume from here that the sums we work with
will be integrated over (7, 27). We say again assume that the number of terms
in the summation is even, since

, +kr)_ 1
[ e ) 3

Then equation (8) becomes

(u+(2h+l)7r 1 1
Px k )(u+2h17 u+(2h+l)1r)<

choosing M as before, the sum of the first M of these terms is

< cv(cM/k + o(l);f")) = co(o(1); )
as n — co. The sum of the remaining terms is

¢ sup| f| B
a+lkn] - oD

< C=o(l) asn—e.

o ( 2h Z 3)z : ﬂ’>)

@

Chr+1)Qh+2)n ’

as n — 0. If we consider

(px(u+k2h")- x(u+(2]l:+|)1r)

©)

u+2hw
and replace u + 2h7 in the denominator with (2k + 2), there is an error

10y < o(n/k; f©) < o(n/n; f)
@r+1)Q2h+2)r  QCh+1)2h+2)7
Thus, replacement gives an error in the sum of these terms which is less than
co(m/n; f©).
Equations (11) and (12) remain the same, but (13) becomes, with the use of
Hélder’s inequality
1 [(k-2)/2] Ak 1 [(k-2)/2] Ak

— 2 < — —
a3y 27 hm(lk)l=1)/2 h+1 27 <& h+1

[(k-2)/2]))0
K ._.1_ . £(r)
<o(%:s7) {h+l },,-o o S /I,
where
0 P P
{4 5-1, = sup{ 2 ab: 3 0*(b) < l}°
o

i=] i=]

A short digression seems to be in order to justify this last step.
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Consider R and let a = (ay, - - -, @,), b = (b, .. -, b,) € R, and define
P
"a”g= sup[ 2 ab: 20*(b) < 1}-
i=]

For any a, b € R?,
14

2 ab<[algplow

Thus, letp = [(k — 2)/2] + 1.
Let

a= {ah+l Ak},,_o, bP={b=1/(i+1)}! .-o
Then

[(k-2)/2] AL o
2wz Skl

Now, since 32,8*(1/( + 1)) < oo,
. 0 —
Jim, 573 = 4 <

and

lalle = sup{ léob,.(f( ( + % + 2}’:77 )

—f<'>(x+ y +(___})_”)) S0 (b) < 1}

< o(vr/k;f(’)).
Putting these two results together yields
k-2/2 A

2 T ) < Ao(w/k; fO).

Thus,
|L¥(x)] < f gin u(co(w/n, fO) + o(1)) du
< cv(vr/n;f(’)) + o(1),

and we can show that

[ aP@ed=0di= 0(If7s) + o)),
a/n<|t|j<7
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and the conclusion follows from equation (3).

2. Approximation in the Orlicz space norm. The theorem which we shall
prove in this section is a generalization of the fundamental result of S. M.
Nikol'skii [8] and B. I. Golubov [3].

THEOREM. Let f € VY, ® an N-function, r > 0. Further suppose {x,} are the
points of [ —a, 7) at which f is discontinuous. Let

g, = f(’)(x +0) - f(x - 0).
Then, for each reflexive A’ N-function, ¥, with [$¥(t~") dt < oo and
lim ¥(x)/®(x) =0,
x—
we have, for f) continuous,

If = Sa (D= o(1/n"¥ ™ (m)),

otherwise,

1
17 =Sl < 5=y

o(1) + 1 ~r'(1 c_fg s \If(oj))

Jj=1

To prove Theorem 2.1 we must first develop several other results.

Let a be an arbitrary real number, » any nonnegative integer, and r any
nonnegative real number. Then we define

® cos(kx + a
wann= § 29

k=n+1 k!

2.1 LeMMA. For ® a A’ N-function such that f|,|>,<l>(t") < o0, and for
r>0,

1
6)) o.(a,r,x) = m . (a, r, nx) + ¢,(a, r, x)
where
(% e (vcos(t + a) — tsin(r + a))
#)) (e, 1, 1) j; e % e dv
and

] " @(n" @\ (n)e,(, 7, x)) dx= O (B(®'(n)/n)).
-
To prove Lemma 2.1 we first need several auxiliary results.

2.1A LEMMA. For v < n, |t| < nm,
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1 _ 1
o | Ee(E)(-em(5y) 2L

=0(l+v)/02+t2.
n nz
Proor. The left-hand side of (3) equals

2 2

% * fﬁ(' -ep( 75 )) - (' - e 5 ))1
((I - exp( "'ol ))2 * #exp( n-l-ol )( 02:; . )

If we use the substitution

-0\ _ v? ) v + v?
I exP(n+l) n+1+0(n) n+0( n2

in the above equation, the numerator becomes

G+ 5 -eo(335)- (- o555 )]

2 2 2 2
9_+t_(2+0(v+_v))_v_
n n? n?

2 3 4
_'_0( + v )+0(v +2v° + v

4

n n

-o(3)vols) s ol 5) - o =322)

On the other hand,

l—exp( °)> L >%

+ 1 n+1
and
2
) exp(n+ 1)>— exp(—1).
Using the above approximations, the left side of (3) is
0( v? + t:;a + o3 )

<73 2 24 2
v -1t v+t

(3 + ) (5)

0((02 + 1% + v%)/n) < o((1 + v)/n)
(0* + ) /n? 0+ )/n?’

)
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2.1BLeMMA. If 0 < p < 1, |x| < , then
0 (x?)

1 _ 1 _
(1—=p)* +px?

4
“ (1-p)Y +4psin®x/2 (1 - p)® + px?
ProoF. The left side of (4) equals
2sinx/2 2sinx/2
""2(1 + _x_)(l - _x_')

((1 = p)* + 4psin? x/2)(1 = p)* + px?

Now, for x # 0,
2o X -2 gn 2)=o0(x?
(l+x sin 2)<c and (l <. sin 2) 0 (x%).
Hence, the left side of (4) equals
p0 (x%) 0(x?)
(a- p)? + 4p sin? x/2)((1 - o)’ + px?) (1 -p) +px? )

2.1C LeMMA. When 0 < p < 1 and |x| < =,
cos((n + 1)x + a) — p cos(nx + a)
= (1 = p)cos(nx + &) — x sin(nx + a) + O (x?). -
PROOF.
cos((n + 1)x + a) — p cos(nx + a)
= cos x cos(nx + a) — p cos(nx + &) — sin x sin(nx + a)
= cos(nx + a) + O (x?)cos(nx + &) — p cos(nx + a)
—xsin(nx + a) + O (x*)sin(nx + a)
= (1 = p)cos(nx + a) — x sin(nx + a) + O (x?).
2.1D LeMMA. Let ® be a A, N-function such that fm>ld>(t") dt < 0.
Define for r > 0,

_ PN
W= e

and

© e~ %"
g =t fo <25 do= th (1)

Then there exist constants C = C(®, r) and B = B(®, r) such that for r > 1
[7 e a<c,
-0

and forr 3 0
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(-]
[~ a(g ) di< B.
- 00

PrOOF. We have that for 0 < t < o0, r > 0,
C (r) C
T2

L[ —or
B < fo dv<
andfor0< <1,

® e‘“’(ut) tdu
ho = A+
< zlz fo e " (ut)'t du+ fl Pe=u (ut)" =2t du
= %j:e“ o’ dt.>+j;le"’u’”2 dv+j;°°e"’v"2 dvo
< 712- j:v’du+j;lv"‘2 dv+ C

C@'+1), r#1Lr>0,
C(1 +|log?]), r=1

Since ®(c/1?) = O(c/t}) = O(1/1? as t - c0, we have

fm <I>(h(t))dt<f o £ )dz-fm>lo(tl2)dz=1,<oo.

If r > 1, we have

fltl<lq)(h'(t)) dt<f|:|<1(b(c(1 +HT)) dt< L, < o

If r = 1, we have

1
&(h,(2)) dt< O(c + clloglt||) dt< c + 5 ®(2c log|t|) at.
J, 2 ma<[ o+ cllogll) 7 [, 20 logl)

Now since @ is A, for large values we know that there exists uy and 8 > 1
such that u > u, implies ®(u) < A (ug, P)uP. Leta = B + 1. Then |log|f| | =
o(t“/"‘) as t—0. Choose 2 > & > 0. Then there exists § = §(u, €), § <
uy %, such that for 7| < §,

2ct'/*|log 1| < ¢/2,
and
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®(2c loglt|) dt < ®(2¢ loglt)) dt+ £ o1~/ dt
j;:|<1 (2¢ logls]) '£<|x|<1 (2¢ loglt]) 2 j;z|<s ( )

k2 (1+a)
<4,+ 3 L>8_I/‘a¢(u)/u du

€ -B-2
=A4,+ = a®(u)u"B2du
1 2 |u|>8"/“ ( )
<A1+£A" u-zdu= 12<OO.
2 Jy>g-va

Thus, we have that

[T o) dt< o0 forr> 1.

— o0

Now, suppose r > 0, then for r # 1,
f O(g, (1)) dt< f O(c(t +t")) dt< oo,
o<jri<1 o<l<1

and forr =1,

, 1 1
P(g () dt< = ®(2ct) dt+ = ®(2ct loglt]) dt
fo<|r|<1 (&) 2 j;<|:|<1 (2¢r) 2 L<|:|<1 ( elt)

since
}1_13(1) |t log|t||= O,

|#] [log|¢|| is bounded on (—1, 1). Hence, ®(2¢t log|t|) is bounded on (-1, 1)
and has a finite integral. Thus,

f ®(g, (1) di< o, r>0.
o<jrl<1
For all r > 0, we have, by hypothesis,
[ (g a<[ ®c/1)di< oo.
t]>1 1] >1

Thus, for r > 0,

7 0(g, (1) di< oo

We now return to the proof of Lemma 2.1. From Nikol'skii [8] we have that

(pn(a’ r, X)
®) 1 fl (l 1 )’ cos((n + 1)x + &) — p cos(nx + )
= n og —
L(r+1) o’ £ p?—2pcosx + 1

By Lemmas 2.1B and 2.1C,
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cos((n + 1)x + a) — p cos(nx + a)

p>—2pcosx + 1
cos(nx + a)(1 = p) — x sin(nx + «) 0 (x?)
= +

(1= p)* + px? (1-p) +px*
We may write
‘pn(a’ r, X)
1 1 ( 1 )’ cos(nx + a)(1 — p) — x sin(nx + a)
= "|log =
r(,+l)_l;‘° & p (1 - p)* + px? o
+46,(r, x)

=0,(a,r,x) + 8,(r, x),
and

1 p"(log 1/p)"

|6, (r, x)| = 0("2)[0 U—pft ol dp

<loa [ aog 16y dp|

=0(n~"").

Now consider 8,(a, r, x). We substitute p = exp(—v/(n + 1)) and ¢ = nx in
the expression defining 6,, obtaining

(1 — e~/ +D)cos(t + a) — t/n sin(t + a)

t 1 e
Py (a’ r, _"- -t e %" dv.
n n; T(r+1)n*! fo a- e-p/(n+l))2 + t_zze-v/(u-l)
n

Now let
= 1, * . do+d t
0,,((!,)', t/n) = r(r+ l)(n + l)r-l-l j; 0 n(a’r’ )
where
5 1 . 7+ 1 ® _o.r
o] T E D —e-"/<"+l>)’f,. ¢ o do

< cexp(—n/2)
where ¢ depends only on .
Using Lemma 2.1A and

enl )= vo[ 25
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we have

6,(a,r,t/m)
1

= &(a,r,l) +
T(r+1)(n+1)

, ocos(t+a)—tsin(1+a)+O(E%i)_(]_,_o(l-;o))

"e”%
. dx
-’; n v+ 12

nz

=3, (a,r, 1) +

1 j(;"e"’ 0’0 ((1 + v)}t]) o

TG+ D(n+ )™ vi+ 2

1 fn o 0’0 (v + v?)
Tr+Dm+1)™*" v+ 2

1 feo —o o" (v cos(t + a) — ¢sin(z + «a))
T(r+ Dn" Jy ¢ 02+ 12 do

n____1 1 n _ 0" (vcos(t + a) - tsin(t + a))
+((n+l)’“ n’)r(r+l).[(;e ol + 12 dv

1 1 o _ v (vcos(t + a) — tsin(t + a))
+ — -0
n" I‘(r+l)j; ¢ vl + 2 o

= 8,(a, 7, 1) + L(1) + IL(1) = L (1) + IV,(0) + @, (a, 7, 1)
=¢(a,r, 1)+ <p‘(a, ro).

Using Lemma 2.1D, we have that,

1

n

v, ()] <

1
)

l n
(n+1)*!
‘A1 ()cos(t + @) — g, (f)sin(t + a))|
SO
J ";@(n'qr'(n)lv,(z)) < g, 9('(n)/n) fo "0k, ()] +|8,(1)])
< c®(@7Y(n)/n) = O(®(®'(n)/n)).
We note that

02, v>1,

O+ %) = {0(0), v<L

We first consider
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w e v (20)
’I‘( r+1) f 02
Now, suppose r > 0. Then

|(n + 1y *'T(r + DL()| = fo !

[IIL(5)] < dvo= 0 (e~"?).

e™"'0((1 + v)jt|)
dv
v + ¢
f ,ro(1+ O)I‘I)
= -+ e —mmm— ——
o<ll<v<n Yo<o<| v+ £
vsn

Let the quantity represented by the first integral on the right be 4 and the
second be B. Then,

(O(or+l) + 0(Or+2))
A <f e~ dv
o<|j<o<n vl + 2

<f"0(e-°o'-')du +f"0(e %) dv < C.
L (Gl VR T 0(1 vo(+y)
B <-/e; v? + 12 f

My U'O(l + O) _ R
<fe — dv foe v""'0(1 + v)dv < C.

The constants, C, in 4 and B depend only on r. Hence

L) = o((=+ 1)~
Also,

e~ %0 (v) n €"%'0 (v?)
n+ 1T+ DI = [ el —
I J7TC + DILE)| fo v+ 2 dv+f1 v+ 2 &

< C+["e70(v?) do = 0(1).
1
Thus, |IL.()] = O((n + 1)~"~"). Hence,
[7 a(wr e (n)ey(a, v, 1))
<1 (™ o@nre'(n)(s
> f_ "~ (2@~ (n)(§ + 1, + 11, — I1L)) at
+ 1 (7 a@n e w1V (1)) a1
2J g

= 0(n®(®"'(n)/n)) + O (@(27'(n)/n)).
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We now suppose r = 0. Then

1__O(v+ 1) n__ O(v+0?)
+ DIly()| =] e’ ———— dvo+ | e °*———— dv
l(n M )l v/(; o2+ 2 fl v+ 12

1e7°0 (v + v?)
<j(; —0-2—:[2— dv+ 0(1).

For 1] > 1,

1 _ O(v+1v?) 1e7°0(v)do 1
foe — T du<fo ——<foe 0 (v) do= 0(1),

t2
and for 0 < |7 < 1,

dv

2
fle"’ O (v + v%) do<fl O (v)
0 0

02+ 12 0 + 2

2
= 0(10g( 1 ':;t )) = 0(log2+log —:—)

Thus,

] 0, 1> 1,
|@+mwm-0m+{0muﬂ%VKL

Now,

1e7°0((1 + v))1]) do+fne‘° o((1 + v)Jt) J
1

o2+ 2 v+

|w+nmm=ﬁ

where

ne 0 ((1+ v)jt])

ne "0 (v?) e °0(8)
j; v? + 12 dv<j; v? +j; 7 d=o

and, if [¢] > 1,

1 _, 01+ o)) 1 €~°0 (%)
j‘;e ——;—2—+—t2— d0<j; t_z dv= 0(1),

while for |7] < 1,

0,

57
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1 0((1 + v)|t|) I e~ %0 (|t|) 1 e"°0(|t|)
e do< [ —— o+ [ ———= d
foe v+ 2 © fo ? © fm o+
1 e~ °0 (v|t
N f (o)) o

1l e

1 e7°0 (v?

<oQ)+ -

- dv
:]o + 1t 11 v

=0(l) + 0(log( ‘2*:’ ))
Thus,

I(n + DI()] = 0(1) + {0’ 1> 1,
o (log|l/1), <1

The above conditions show, if &*(a, 0, f) = 5@, 0, £) + Iy(1) + Iy (1) —
III(#), then

(@0, =0(—7)+ 0’ > 1
r AT n+1 O(log|l/t)/ (n+ 1)), J<1,

and, hence

[ " (®(n)e? (e, 0, 1)) df

-1 1
=zf ( () (1+1og })) di+ 1<|:|<mq)( n+(';))

Substituting ¢ = e~ in the first integral gives
fo <1>( +( 1) (1 + log %)) dz=fo°°<1>( d:(';) o1 + w))e"
< c<1>( q;—;_(';) )fo“’e-w arw+fo cp( — G )O(w)) - dw
< c<I>( q;—:_(';) ) + ccp( q':(';) ) fo “B(w)e™ dw.

Now @ is A, implies that there exists u, such that for w > u,y, ®(w) < Aw? for
some p > 1, A a constant. Applying this,

fwd)(w)e‘”' dw<f“°¢1>(w)e"" dw+f°°Aw’e“" aw< oo.
0 ‘ o ug
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Hence,
f_";cp(@-'(n)e;(a, 0,1)) dt< O (n®(®@~*(n)/n)).
Then, since & (e, 0, £) = e*(a, 0, #) + IVy(0),
f::ﬂ@(@“'(n)e,',(a, 0, 1)) dt< nO(®(@'(n)/n)) + O(®(®~'(n)/n)).
Define ¢,(a, r, x) = €,(a, r, nx) + 8,(r, x), for |x| < «. Then,

] " &(n"®\(n)e,(a, 1, x)) dx

= f_";@(,,r@-n(n)(e;(a, )+ 8, (,, i))) %5

= 0(2(2~'(n)/n))-

Hence,

@, (a1, X) = m fow _,, (veos(nx + :2)-:((:;)zsin(nx + a)) o
+ ¢,(a, 7, x)
= g.(a,r, nx) + g,(a, 1, x),
where
f_:@(nrd)"(n)en(a, r, X)) dx= 0 (®(@~'(n)/n)).

2.2 LeMMA. Let @ be a A’ N-function such that [i;5,®(t™") dt < o, and let
r > 0. Then there exists S = S(®, a, r) such that

fo T o(n @~ (m)ga(ar 1, X)) dx < S + 0 (2(@7(n)/n)).
PrOOF. By Lemma 2.1,

f_:‘p(”'q’-'(”)%(a. r, x)) dx

29 .
2 f_v ( T +(';) (a1, nx)) dx + %f_'d)(znro-l(n)en(a, r, x)) dx

< cf” o(27!(n)py(a, 7, nx)) dx + O(®(2~'(n)/n))
<ef” " ®(qy(2,7,x)) dx + 0(2(27(n)/n)
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Now ¢, (a, r, x) = cos(x + a)h,,(x) — g,(x)sin(x + a), and so

O(|palas 1, x)|) < [B(h1(x)) + 2(2,(x))]

and

-] -} -]
[~ 0(pu(ar,x)) dx< c[ [~ ot () dx + [~ @(5,(x) dx] <,
- 00 — o0 - o0
by Lemma 2.1D, which yields the conclusion of the lemma with
S@,an) =" ®(9,(ar,x)ds.

2.3 LEMMA. Let ® be a A, N-function and let § > 0, r > 0. Then there exists
a constant C = C(r, 8, ®) such that

[ @(n®(mg,(a, 1, x)) dx= CH@\(n)/n).
§<|x|<n

PrOOF. From the proof of Lemama 2.1, equation (5), we have that

1
@u(a, 1, x) = ¢ +1)

, (cos((n + 1)x + &) = p cos(nx + a))

dp

- ['o"(108 1/0)
0

p>—2pcosx +1
12p""'(log 1/p)’
P f — dp
I(r+1)J  4sin’*x/2
For |x| > 8,

2 T(r+1)

| r T
frrresnro - 25155

12p" ' (log 1/p)" a2
f - dp < —
o 4sin®x/2 48
s0

-1
j; (I)(n'd)-l(n)q)”(a, r, x)) dx <£<'x|<”q)( a2 &~ '(n) )dx

<|x|<m ZE; n
< C®(®~'(n)/n).
We define

-]

oox) = D k~'sinkx =T ’2' X 0<x<2m

Then,
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Po(x) = f D(x — tpe(t) dt
-]
= k""cos(kx -+l vr) = %(— r+l T, r,x).
k=1 2 2 .

We note that S[@,)0] = @0 7 > 0, so that we shall write
o cos(kx — (r + 1)m/2)
Po— Sa(P00) = P(a(X) = 2

k=n+1

= f D(x = p@.a(f) dt.

2.4 LEMMA. Let ® be a A’ N-function such that [ 5, ®(t~") dt < oo and let
r > 0. Suppose —7 < x; < X, < -+ - < x,, < 7 and define

fx) = kﬁl 6P 0r0(X = %)

kr+l

where o = {0, } is a sequence of real numbers. If
X = Xy Xy T Xy Xm = Xm-1
2 ’ 2 e _'2_ ’

0<8<min{7r+

then

prern ”’"[ s = l o '(n) }
7 2%+ Onso (@( " ))

where f(n) = O, 5,(g(n)) means | f(n)/g(n)| < ¢ where c = ¢(m, §, o).

If = S < ===

PROOF.

5 ey - s,

=inf{k: f-,(p( e~ (n )(f s, (f)))dx < 1}

<inf{k: C"(p(%)fl@( ne n 2o 4o S(f))) dx<1}

Let

re-1 —_
R=R(<I>,n,f)=C¢f_"(I>(n @ (")(f S,.(f)))dx

then
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n'd- l()

- (f))"

Now we need only determine R.

Let Xi denote the characteristic function of the set (x; =8, x+8),j=
2,...,m—10f theset (x;, — 8, x; + §) U (x;, — 6 + 2x, 7) forj = 1, and
of the set (x,, — &, x,, + 8) U (— 7, x,, + 8 — 27) for j = m. Then

1
o '(1/R)

(f = SN = jﬁlx,-(ﬂwm(x -5+ 3 (1= %) w0nx - 3)
2 p

and

T n'd- -1
% =f.,¢( LS Z 3(X)oP0a(x = %)

r -1
( D3 2 (1 X(X))9P(ryn(x = xf)) dx

<3/ "<1>( 27(m) 3 x(x)gpera(x - 5) d

s J=1
f @(n'@‘l(n)z (l - &(x))ajq;(r)'n(x —_ Jf])) dx
; IL&+8¢(n'¢ l(n)ajq)(,)n(x xj)) dx

Onsa (2(27'(m)/m)).

since, by Lemma 2.3,

[SIE

3

+
(S

3

=1
2
-+

S 2w @ (m)(1 = X)) g01a(x = %)) di= Ops, (@(@"(m)/)).
By Lemma.2.2,

1 [x+8 rap—
3 ‘[9 '_ ] O(n @1 (n)a;p(yn(x = x,)) dx

C.
<5 8(9) [T *0(n @ (m)pea(x —x) dx
2 -8

< (Co/D2(c)(S + O(B(2~(n)/n)),

and we have, finally,
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LIpp - 2 ®(q))
Co

Sofs oo 52|+ oo 52

C¢ Z‘I’(Oj) N Om.so(‘l’( <I>‘;(n) ))

Jj=1

Thus,

1
Cis m -1
; S oa) + o,,,,,(q,( o n(n) ))}

Jj=1

If=S,(Nle < —=— prre ,() c1/p-!

as desired.

2.5 LEMMA. Let ® be an N-function and f € V}. Then there exists a # 0
such that

sup, fo "(af (x + ) - af (x)) dx < 38VEP(af).

PROOF. Since f € V#, there exist k 7 0 such that kf € V. If 1 is such a k,
then f € V, and let a = 1, otherwise let a be any k as above. Fix § > 0 and
take any i € (0, 8]. Let n be the least integer greater than or equal to 27 /h,
andlets,=ih,i=0,1,...,n— 1,1, =2mt,,, =27 + h. Further define

gt i=01,...,n—1n+1,
"t +h i=n

fo O(af (¢ + k) — af (1)) dt = s f O(af (x + k) — af (1)) dt

im] Y-y

< 2 (4= t-1) sup ¥(af(t+ h) - a(f(2)))

im1 tely_y,1]

<hS sup O(af(t+ ) - af(r)

im] IEII‘_ ‘,1‘]

Dividing this sum into two parts, we let 3, denote the sum over even i, and
let 3, denote the sum over odd i. Then
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fo "O(af(t + B) — af (1)) dt < KSy sup  B(af(¢ + k) — af(£))

telyony

+hZ, sup D(af(r + h) — af (1))

lE[tl_ l,l]]

<hZy, sup  O(af(x) - af (¥))

x)ye[tl'-l» tl’+|

+hE,  lim  0(ef(x) - o ()

xy€li_y, i

If 27 is an integral multiple of 4 then there is no overlapping of the
intervals in each summation. Otherwise, if n is even, [27 — ¢,_,, ¢, — 27] N
[0, £5] = [0, 7], so we let 3] be the sum over all odd i, except n — 1; if n is odd

then [27 — ¢,_,, ., — 27] N [0, #5] = [0, ¢}], so let 3] be the sum over all
odd i except n.

Fix ¢ > 0. We may choose x;, y; € [t/_,, t{,,] for all i so that
3, sup ®(af (x) — af () < Eo[Q(af(x,') - af(y)) + e/n]

x,y€lfj_y, 1i41]
< Zo®(af(x)) — af (3)) + &
) sup ®(af(x) — af()) < Zi[D(af (x}) — af () + ¢/n]

X,y E[tl'—h 'l'+l]
< 210(af (x)) — af (7)) + &
and, n even,

sup  B(af(x) = af () < Aef(x;-1) = &f (¥2-1)) + &/

x,yele,_y 1))

or, n odd,

sup  ®(af(x) — af () < B(af(x;) — af (1)) + ¢/n.

X,y e[’;— b t;’|+|]

Now, |x; — y/| < 2h,i=1,...,n,and so
L 0(artx + B - af (1) dx < B(ED( (5) — () + o)
+h(Z0(af (%) — af (7)) + €) + h(VE™(af) + ¢/n)
< 3n(VEW(af) + ¢).
Since ¢ is arbitrary, we have

sup f 2"(I>(af (x + h) — af (x)) dx < 38VE%(af).
|nj<870

2.6 LemMMA. Suppose ® and ¥ are N-functions, ¥ is A, and
lim,_o¥(x)/®(x) = 0. Then Vo Cc W§ = {f € Vg: Vi(f) = Z32,¥(q)
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where {a;} is the sequence of jumps of f}.

PrOOF. Let &€ > 0. Suppose f € V,, {x,} its points of discontinuity and
{0} the corresponding sequence of jumps of f.
Define

m
Zm(x) = kZI % P@0o(* — Xi)
and let
b (%) = f(x) = 8n(x).
Since lim,_, ¥(x)/®(x) = 0, there exists A = A(¢) such that, when |x| <A,
) ¥(x) < e®(x)/ Vo (f) + 2.

Now f € V, implies that 3®(o,) < oo which implies |o,| = 0. Thus, there
is an N = N(, ¢) such that 29, ,¥(0,) < ¥(A\/4). We have that h, is
continuous at x,, . . ., Xy and that the oscillation of Ay at x € [0, 27] is less
than A /4, so there exists an 0, > 0 so that w(n,, hy) < A/2.

Next, since gy is a piecewise linear function, there exists 1, so that
|gn(B) — gn(a)] <A/2 for (B — a) < m, and a, B on the same interval of
linearity. Let §, = min(n,, 1,).

@  |f(B)—f()] <|gn(B) — gn(a)] +[hx(B) — hy(a)] <A
whenever | 8 — a] < 8 and {x;}}-, N [a, B] = @.

Let y be the minimum length of the intervals of linearity of gy, and select
8, < min(§,, y) so that when

B)a<x;<Band|B - a] <8,

Y(f(B) = f(@)) <¥(o) + e/ (N(Vo(f) +2) i
and when

@Dx,=aorx;=8,|B—al <8,

Y(f(B) = f(@)) < ¥(0;/2) + &/ (N (Vo (f) +2)).

We now choose a partition {y;} of [0, 27] with mesh less than §;, so that
{x:}*=1 0 {;} = @. Denote by X, the summation over all j where {x;}\., n
[¥-1» ¥]1 = @, and by 3, the summation over all j where {x}}., N [y;_,,
»;] # @. Then from (1) and (2),

Y(f(3) — f(-)
! o(f ) -f ()’1-1))

< ?;(;)T 2.2(f() = f(-0)-

l,...,N,

SY(f) - f-)) =2 O(f(») = f(¥-1)

For X ,, we have, from (3), that,
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N
Z¥(f(r) — f(-1)) < % (Z(o) + ¢/ (N (Vo (f) +2))).

Hence,

SH(/0) = f0s-1) < Gy RN = S0-)
BATER R

<e+ 2 ¥(o,).
im1

Now, on the other hand, suppose we choose a partition {z;} with mesh less
than 8, such that {x,})., N {z;} # @. Let

3, denote the sum over all j where {x,})_, N [z, zj] =0

Eb denote the sum over all j where {z,_j, z} N {x,})-, # @ and

2, denote the sum over all j where (z;_,, z) N {x}, # 2.

Proceeding as before, Z,¥(f(2) — f(2;-1) < eVo(f)/(Vo(f) + 2). If we
denote by 3, the sum over all i such that x; = z; for some i and j, then

S, ¥(f(2) = £(5-1)) < 254[¥(0,/2) + e/ (N (Vo (f) +2))]
S3¥(0) + 26(S5(1)/ (N (Vo (f) + 2).

Letting 2/, denote the sum over all i such that x; € (z;,_,, z) for some j, we
have

S¥(f(z) = f(z-1) < Z[¥(0) + &/ (N (Vo (f) +2))].
Thus
SU(f(2) = f(&-1)) = Sq + 5, + =,
Vo (f) 2¢

N
’ ' €
A AR AT RS TIAGFS I

0
<D ¥(o) + e
im]

Thus, for any partition {w;} of mesh less than §,,
0
SY(f(w) = f(w-y) < 21 V(o) + &
j-
and

Vi) <3 (o) + e
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Since ¢ is arbitrary, and we also know that V}(f) > =2,¥(s;) for all
functions f € Vy, where {o,} is the sequence of jumps of f, the desired result
follows.

2.7 LEMMA. Suppose f© € L%, r > 0, then L} reflexive implies

1.«
19~ S Dl 500 ( 3 377)

Proor. For f € L}, Ryan [10] has shown ||S,(Nlle < c||flle, Where ¢ is
independent of n and f if and only if L} is reflexive. Suppose T,(x) is an nth
degree trigonometric polynomial of best approximation to f and define

E, (f)¢= "f(x) -T, (x)"¢
Reflexivity of L} yields
O |f = S Dlle<If = Tllo+ 152 (T, = Nl < (¢ + DE,(f)g

We now use a result which will be proved below:
For f) € L%, there exists ¢ = ¢(r, @), such that

@ AORI- PRI

Equations (1) and (*) combined yield the result.
To prove (*) we need the following definitions and results from Sz.-Nagy
(7]
1. Suppose 2, ={0,...,0, 1, Tp...,T,_;} and g€ L', g(x)~
2. cos kx + B, sin kx. Define a “regular approximation to g(x)” by
m—1
B 1(Zims X) = 2 0, (o cOs kx + B, sin kx) + 7,( B, cos kx — a, sin kx).
k=j
2. Henceforth, A = {A,}¥~, denotes a three-fold monotone sequence con-
verging to zero (A, > 0, A\0), for which (A, /k) < o0, and let § be an
arbitrary real number. If

o0
f(x) ~ > a, cos kx + b, sin kx,

k=j
define
(T /)(x) = ?Ak(ak cos(kx + 1 8n) + b, sin(kx + 15r))
o) =
= [Hs()f(x + ) &
where
@ His () = 3 A, cos(kx — 3 on).

k=)
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The series on the right in (2) is a Fourier series converging to an integrable
function, H{,, and the series in (1) is a convergent sequence almost every-
where.

3. THEOREM. If & =0, there exists a set 2, = {6, ..., Gp_y,
Tisevvs Tya1} and a polynomial
m=—1
PR (x) = D & coskx + 1 sin kx,
k=1
where for 1 < k < m— 1, &, = N, (1 = &), 5§, = =N\, such that
27 4 & A2r+1)m
m m-—1 P — 1) =<2 m
R + P o) d= 2 B (D 35T

4, THEOREM. If & = 1, there exists a set 2|, = {6, ...,6,_,,
Tis« s Tm_1} and a polynomial

m-—1
PN (x) = D § cos kx + 1 sin kx,
k=1

where for 1 < k < m — 1, ék = NFpo T = )\k(l — 6,), such that

Qr+1m

27 m -1 °° A
[THERO)+ R 0N e= 2 3 5T

5. THEOREM. For 8 arbitrary there exists a polynomzal P~ Y(x) such that

» (2r+ Dm

27
1R 0) + B ) < 1cos'8w|2( ) 5

* A
a ‘ (2v+l)m
]sm 87:] 2 Tl

Note that H%(x) = cos 3 dmHJ4(x) + sin 3 8zH[(x), so choose P3~'(x)
= cos§ 87P~\(x) + sin} 8nPy (). Select
=0t o T s T}
so that if

m—1
PRl (x) = 21 &* cos kx + ng sin kx,
k=

then

d 1 .1
& = A\, cos 7'” - )\k(o;: cos or — 7 sin 3 87r),

= A, sin Lom - A (o,‘: sin

2
6. If f(x) = [Hy5(») g(x + ») dy, then

1 * cos L )
287r+1-kcos 2677.
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£ ) = fum1 (s )| = [J(H () + PE (1) 80x +2) |-

T.IfA = {k™%}%.,, for a > 0, then A is a three-fold monotone decreasing
sequence, k"% \ 0, and Tk ~*~! < 0. Let § = — a. Then by 1-6, there exists
1. so that

f |HR -y (¥) + PRC(¥)| &

4 Joos Jar| S, ——
»=0 (2v + 1)(2v + )m)*
—Ism tam | !

v=0 (2v + 1)(2» + 1)m)"
1 4 1 b » -l-a
<—3 [ - |cos an@o(—-l) @v+1)
4 o0
+ = |sin jan| 3 v + )77
m y=0

1
<;;Ca.

We continue with the proof of (+). If f, g are as in 6, and g € L,, then

15 (%) = famt s Xlo
= sup{LZ”v(x)LZ"g(x +y)(H (v) + P! (»)) a dx:

[@*(o(x)) ax < 1]

27 m me1
<lals [, 185 () + PG ()] -

Since Ty (-4 8 A = {k~°}, is just the fractional integral of g of order a, then
g =f®, and, by 7

1£(x) = fuet CF5 )| <[ f oCarm ™
Thus

E,(f)s< Cam™| f@),.
Next, define

f(h; x )_—f J+na,
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and for g € L,,
ek )Yy = 5 sup{ fo()(0x + h/2) = g(x = h/2) ax:

Jor(o(x)) dx < 1}

= LlgCx + h/2) = 5(x = h/D)]y< L wy(hs 2,

and
l8() = 805 ), = sup{ [ "o(x)((x) = sk )
f ®*(v(x)) dx < 1}
= S“P{ f 2”v(x) % f_ h:jz(g(x) - g(x + 1)) dt dx: f ®*(v(x)) dx < 1}
< - f NgC) = 8(x + ) e

< wg(h/2; 8)-

Noting that (f(x) — f(h; x)@ = f@ — (f(h; x)@ = f@ — f@(h; x) al-
most everywhere, we have

E,(f)o< E,(f = f(h; ))o+ E.(f(h; )
< % "f(a) - (f(h; .))(a) a;:ll l(f(h ))(a-l-l)"o

=m0 = 19 D+ |0 ),

ca [ 4 -
<.a we(h/2; @) + ,,:I, b~ wg (h; f9),
n

Now, letting # = 1/h, we have
E,(f)g< (€ + Cuur)n %wep(n™ " f),
which is (*) when a = r.

2.8 LEMMA. Suppose f € VY, r > 0, ® an N-function. If ¥ is a A’
N-function and L}, is reflexive then
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If = S, (Nl

<TG [‘/ (‘P'(?F?/IWT))‘I'I( T ))]

where

V(g(x+ 1) - g(x))
O(g(x+1)—g(x)
PrOOF. Suppose g(x) € V,. Then using Lemma 2.5,

h) —
||8(x+h)-—g(x)||(p=inf[k: f\p( Bx+ 12 g(x))dx< 1}

y(¥,®,8,h) = sup{ x €[0,27], | < h}.

Y(g(x + h) — g(x))
O(g(x + h) — g(x))

< inf{k: c¥(1/k) [ - ®(g(x + h) — g(x)) dx < 1}

< inf{k: eY(1/K)Y(Y, B8, h) [(8(x + k) — g(x)) dx < 1]

< inf{k: c¥(1/k)y(¥, @, g, h)3RVE"(g) < 1}.
Thus
lg(x + k) = g(x)[e

<1/ (w-‘(%)w-'(m)w-l(
By Lemma 2.7

S (g))).

< (14
1/ = $.(Dlly< 7 0 3 57)
< < . 1 . 1
n ¥~ n) ¥ (c/ V(D)) ¥ (1/v(T, @, 17, 1/n))
We now return to the proof of the main theorem of this section.
PROOF. Let

Ua(%) = fO(x) = 21 5P@o(x = ).
J
The oscillation of u,,(x) at x goes to zero uniformly in x as m — oo since
2®(0) < o0. We let y be as in Lemma 2.8 and select e > 0. Then there exists

m
=
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an my and §, > 0 such that for all m > m,, § < 4,
y(¥,®,u,/2,8) <1/¥(1/e)
since w(u,,/2, 1) > 0 as m — oo and ¢t — 0. Consider

mo

g(x) = X g9mo(x — x)

J=1
and let (x) = f(x) — g(x). Then AY(x) = u,, (x). Now

17 = S, (Dl <& = S (&)]fe + 2J7/2 = Su(B/2)|e-
Applying Lemma 2.8 and Lemma 2.4 with 8§’ chosen as in that lemma,

1= SNl < =25 %'[ - I - ]
™ i) S 5 2 ¥(0) + Ops, (W( ki ,:(") ))

c 1 1
n ¥ n) ¥V c/VE/MN(h0/2)) ¥ (1/y(¥, ®, 47 /2,1/n)) )

Now, select n > 1/8,, which implies

'y(‘I’ (i1) ﬁ l) <‘--—-—l
’ ’ 2 bl n \Il(l/e)
and, therefore,

£> l/‘I'“(l/y(‘I', ®,h")/2,1/n).

Thus,

-5l <51 w-‘[ ' ]
'\Il ! S © -1
0N C; 2 ¥(0) + Opp0 (\p( ¥=1(n) ))

n

CE

* n" =Y () ¥~ (c/VE/(h"/2)) )
Now, suppose {0,}%., # @. Since ¥(¥~!(n)/n) — 0 as n — oo, we have

/% grorvoun (o 52)) _'
NS £

Tim | ¢!

n—oo
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and
— ce CE

L SRR )

Since we know that

my
j-
and (f© - g /2 = h"/2, we have

Ve(h/2) <3V3 () +1V3(87) < V3(S7).

Hence,
Lm n ¥~ '(n)|f - S,()|e
n—»0

¥ 1 + o
S @ ¥/ V3 ()
5 El ¥(q)

<1

where the right-hand side has no dependence on m,,. Since ¢ is arbitrary, we
have

T w ¥ mls - 5,0 < 1A | |,
n—»o0 hd 2 ‘I’(q,)
j=1

If f© is continuous, we note that g = 0 and (») is replaced by

n ¥ )| f = S, ()l

c . -1 !
< \I'-I(C/ Vg/,,)(f(r))) /\I, ( y(‘l’, @,f('), 1/”) )

=o(l) asn-— oo.
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